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Abstract

The aim of this paper is to introduce and study different
properties of simply and simply b —open sets in fuzzy
topological spaces. And we introduce a new form of fuzzy
compact spaces namely fuzzy simply b —compact spaces, fuzzy
simply b-connected and obtain some of their basic properties.
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Introduction

After Zadeh [13] introduced the concept of a fuzzy subset,
Chang [9] used it to define fuzzy topological space. Thereafter,
several concepts of general topology have been extended to fuzzy
topology and compactness is one such concept. Compactness for
fuzzy topological spaces was first introduce by Chang [9]. The
concept of b-open sets in fuzzy settings was introduced by S.S.
Benchalli and Jenifer [1].The purpose of this paper is to
introduce fuzzy b-compact, fuzzy b-closed spaces and fbg-
compact spaces, some interesting properties of fuzzy b-closed
space are investigated. The notions of fuzzy vector spaces and
fuzzy topological vector spaces were introduced in Katsaras and
Liu [7]. These ideas were modiOed by Katsaras [5], and in [6]
Katsaras deOned the fuzzy norm on a vector space. In [8],
Krishna and Sarma discussed the generation of a fuzzy vector
topology from an ordinary vector topology on vector spaces.

Definition 1.1 [4]
Let X be a non-empty set, a fuzzy set A in X is
characterized by a function

Uy - X — 1, where I =[0,1] which is written as

A={(x,us(x):x€X,0=<pu,(x) <1)}, the collection of all
fuzzy sets in X will be denoted by ¥ that s
I1¥ ={A:Ais afuzzy setsin X} where u, is called the
membership function.
Definition 1.2 [3]

A fuzzy set x, in a fuzzy set A is called a fuzzy point if
x(xg) =1, ifx = x4,
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and x(xy) =0, if x # x4, 0 <7 < 1, such that x and r are the
support and the value of the fuzzy point respectively.

Proposition 1-1 [3]

Let B & C are fuzzy subset on A then
1-BS C < B(x) <C(x), Vx €X.
2-B=C < B(x) =C(x), Vx € X.
3-BNC < F(x) =min{B(x),C(x)}, Vx € X.
4-B = (C¢® © B(x) = A(x) — C(x), Vx € X.

Definition 1.3 [10]
A sub set A of a topological space (X, 1), is called simply
open if A = G U N, where G is open set and N is nowhere dense,

where cl(int(4)) = .

Definition 1.4

For any fuzzy topological space (X,7), A € X is called
fuzzy dense (F — dense) in X if and only if cl(A) =X. The
family of all fuzzy dense sets in X will be denoted by FD(X).

Definition 1.5

For any fuzzy topological space (X, 7), A € X is called
fuzzy nowhere dense (F — nowhere) dense in X if int(cl(4)) = @.
Definition 1.6

A sub set A of a fuzzy topological space (X, 1) is called a
fuzzy simply open (FS™0) if A = G U N where G is fuzzy open
setand N is fuzzy nowhere dense, where cl(int(4)) = @.
Definition 1.7 [12]

A fuzzy set A of a fuzzy topological space (X, 7) is said to
be fuzzy generalized closed (Fg — closed) if cl(A) € O
whenever A € 0 and O is F open in (X, 7). A fuzzy set A of a
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fuzzy topological space (X, ) is said to be fuzzy generalized
open if its complement AC is fuzzy generalized closed.
Definition 1.8 [11]

A fuzzy set A in a fuzzy topological space X is said to be

fuzzy b — open setif and only if A < (int(cl(A))) U

(cl(int(A))).
Definition 1.9

A subset A of a topological space (X, 1), is called fuzzy
simply b — open
(FSMb — open) if A= G U N, where G is fuzzy b — open set
and N is fuzzy nowhere dense, where cl(int(4)) = 9.
Remark 1.1

We denote the class of all fuzzy simply b — open set by
FSMpO(X). The complement of fuzzy simply b — open sets are
called FSMb — closed sets, which denoted by FS™bC(X).
Example 1.1

Let X = {a, b, c}, (t, X) be fuzzy topological space on X, s.
t.7 ={0,1,4, B},

A ={(a,.7),(b,.3),(c,.1)}, B=1{(a,.7),(,0),(,0)},D=
{(a,.8),(b,.7),(c,.7)},s0 D is fuzzy b — open set in FTS (7, X),
but not fuzzy S™b — open set.

Definition 1.10[1]

Let A be a fuzzy set in a fuzzy topological space (X, 7).
Then a fuzzy b — interior and fuzzy b — closure of A is denoted
by bint(A) and bcl(A) defined by
bint(A) = U{G:G S A,G is Fb — opensetin X} &
bcl(A) = N{F:A S F,F is Fb — closed setin X}.

Definition 1.11
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Let A be a fuzzy set in a fuzzy topological space (X, 7).
Then fuzzy simply b — interior and fuzzy simply b — closure of
A is denoted by SM bint(A) and S™ bcl(A) defined by
SMbpint(A) = U{G:G € A,G is FSMb — open setin X} &
SMbpcl(A) = N{F:A S F,F is S™ Fb — closed set in X}.
Definition 1.12 [2]

A fuzzy set A in a fuzzy topological space X is called fuzzy
generalized b — closed (brieflyFgb — closed) fuzzy set if
bcl(A) < B whenever A < B &B is fuzzy b — open in (X, 7).
Definition 1.13

Let A be a fuzzy set in a fuzzy topological space (X, 7).
Then A is called a fuzzy simply b — closed set in X, if
SM pcl(A) € D when ever A € D and D is fuzzy generalized
open setin X.
Example 1.2

Let X = {a, b, c}, (t, X) be fuzzy topological space onX, s.
t.7 ={0,1,4,B,C},
A ={(a1),(b,0),(c,0)} B ={(a0),(b1)(,0)}C=
{(a,1),(b,1),(c,0)}, E ={(a,.2),(b,.7),(c,.8)},SOE is
FSMpO(X)s.t. E = G U N, where
G ={(a,.2),(b,.7),(,.6)}, N={(a0),(b0),(c.8)} butitis
not FSMO(X) since G ¢ FO(X).
Definition 1.14

Let (X, t) be fuzzy topological space, a family W of fuzzy
sets is SM — open
cover of a fuzzy sets A if and only if A € U{G: G € W} and each
member of W is an S™ — open fuzzy set. A sub cover of W is a
sub family which is also cover.
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Definition 1.15

Let (X, 7) be fuzzy topological space, a family W of fuzzy
sets is SMb —open cover of a fuzzy sets A if and only if A
U{G: G € W} and each member of W is a SMb — open fuzzy set.
A sub cover of W/ is a sub family which is also cover.
Remark 1.2

Every fuzzy open cover is a fuzzy simply open
(FSMb —open) cover. But the converse is not true in general.
Example 1.3

Let X = {a, b} and By, B,, .., By, are fuzzy sets of A such
that, T = {®, A, By, By, B3, By, Bs, B, B7, Bg, Bo}, A =
{(a,.8),(b,.9)},
B, ={(a,.8),(b,0)}, B, ={(a,0),(b,.7)},
B; ={(a,.8),(b,.7)},
B, ={(a,.1),(b,.9)}, Bs ={(a.6,),(b,0)}, B =
{(a,.1),(b,0)},
B; ={(a,.6),(b,.9)}, Bg = {(a,.1),(b,.7)},
By = {(a,.6),(b,.7)},
Bio = {(a,0),(b,.8)},B;; = {(a,.7),(b,0)}, then
FbO(X) = {B,} & FbSM0(X) = {4, B,, B,}, note that B, is
fuzzy simply b — open set but its not fuzzy b — open set.
2. Fuzzy Simply (b - Simply) Closed Sets
Definition 2.1

Let A be a fuzzy set in a fuzzy topological space (X, 1),
Then A is called a Fb — closed set in X if bcl(A) € 0, whenever
A € 0 and O is fuzzy generalized open set in X.
Definition 2.2

Let A be a fuzzy set in a fuzzy topological space (X, 1),
Then A is called a fuzzy simply b — closed (FS™b — closed) set
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in X if Sbcl(A) € G, whenever A € G and G is fuzzy
generalized open set in X.
Theorem 2.1

Every fuzzy simply b — closed (FS™b — closed) set in a
fuzzy topological space
(X, 7) is fuzzy simply b — closed (FS™b — closed) set.
Proof

Let A be a fuzzy simply b — closed set in a fuzzy
topological space (z,X). Suppose that A € D and D is fuzzy
generalized open set in X, since 4 is a FS™b — closed set, hence
SMbpcl(A) = A. Thus SMbcl(A) = A € D, and hence A4 is
FS™p — closed set. But the converse may not true in general.
Lemma 2.1

Let A be a fuzzy set in a fuzzy topological space (X, 7).

Then A U int (cl(int(A))) C bel(A).
Theorem 2.2

Let A be a fuzzy set in a fuzzy topological space (X, 7). If A
is fuzzy generalized open and fuzzy simply b — closed, then A is
fuzzy simply b — closed.
Proof

Since A is fuzzy generalized open and fuzzy simply b —
closed, it follows that

AUint (cl(int(A))) C bcl(A) € A. Hence int (cl(int(A))) c
A and A is fuzzy simply b — closed.

Lemma 2.2
Let A be an fuzzy set in an fuzzy topological space (X, 7).

Then SMbcl(SMbcl(A)) = SMbcl(A).
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Theorem 2.3

Let A be a fuzzy simply b — closed set in a F topological
space (X, 7). If Bisafuzzy setin X suchthat A € B <
bSMc(A), then B is also fuzzy simply b — closed.
Proof

Let B be a fuzzy set in a fuzzy topological space (X, 1)
such that B € G and G is a fuzzy generalized open set in X. So
A C G. Since A is a FSMb — closed, Then by lemma (2.2)
SMbcl(A) < SMbcl(SMbcl(A)) = SMbcl(A) < G. Therefore B
is a fuzzy simply b — closed in X.
Definition 2.3

A fuzzy set A in a fuzzy topological space (X, 1) is called a
fuzzy simply b — open if and only if its complement A€ is fuzzy
simply b — closed.
Theorem 2.4

A fuzzy set A in a fuzzy topological space (X, 1) is called a
fuzzy simply b —
open if G € SMbint(A) whenever G € A4 and G is fuzzy
generalized closed set in X.
Proof

Let a fuzzy set A in a fuzzy topological space (X, 1) be a
fuzzy simply b — open and G is a fuzzy g — closed set in X such
that G € A. Then A¢ € G, where A€ is a fuzzy simply b — closed
and G¢ is a fuzzy g — open in X. Therefore by definition (2.1)

we have SMbcl(AS) € GC. Then (G€)C < (SMbcl(A°))".
i.e. G € SMbint(A9)¢ = SMpint(A).
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Theorem 2.5

Let A be a fuzzy b — closed set in a fuzzy topological space
(X, 7). If Bis a fuzzy set in X such that bint(A) € B < A, then
B is also fuzzy b — open.
Proof

Let B be a fuzzy set in a fuzzy topological space (X, 1),
such that G € B and G is fuzzy g — closed setin X. Then G < A.
Since A is fuzzy b — closed, hence G € bint(A). So G <
bint(A) < B. Therefore B is fuzzy b — open in X.
3. Some Types of Near Normality Based on FS™b —Open Sets

In this section we introduce some types of normality in
fuzzy topological space (X, 1) based on FS™ 0(X), FS™ b0 (X).
Definition 3.1

A fuzzy topological space (X, 1) is called a fuzzy
b —normal (Fb —normal) if V F;, F, € FbC(X), F,qF,,3 U,V €
FbO(X),UqV such that ug (x) < puy(x) & p, (x) < py (x).
Example 3.1

From the example (1.2) let D = {(a,.2), (b,.7), (c,.6)}, SO
D is fuzzy b — open set in fuzzy topological space, and t is
fuzzy b-normal space.
Definition 3.2

A fuzzy topological space (X, ) is called fuzzy simply
normal (FS™ —normal) if vV F,, F, € FSMC(X), F,qF,,3U,V €
FSM0(X),UqV such that
e, () < py(x) & pp, (x) < py ().
Definition 3.3

A fuzzy topological space (X, 7) is called fuzzy simplyb —
normal (FS™b —normal) if V F,, F, € FbC(X), F,qF,,3 U,V €
FSMbO(X),UqV such that
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tr, () < py(x) & pp, (x) < py ().
Definition 3.3

Let (X, 7) be any fuzzy topological space and A € X, we
define the simply boundary (S™BN) of A as follows
SMBN(A) = SMcl(A) n SMcl(X — A).
Theorem 3.1

For a fuzzy topological space (X, 7) and 4, B € X. Then the
following statements hold
1- SMBN(A) = SMBN(X — A).
2- SMBN(A) = SMcl(A) — SMint(4).
3-SMBN(A) n SMint(A) = 0.
4- SMBN(A) U SMint(4) = SMcl(A).
Proof
1 are obvious
2- Since SMcl(X — A) = X —n, then S¥BN(4) = SMcl(A) n
SMcl(X — A)

=SMcl(A) Nn[X — SMint(4)]
= SMcl(A) — [SMcl(A) N SMint(A)] =

SMcl(A) — SMint(4).
3, 4 obvious from (2).
Definition 3.4

For any topological space (X, ), a subset A of X is said to
be fuzzy simply nowhere dense (FS™ —nowhere dense) if
SMint(SMcl(A)) = 0.
Theorem 3.2

For any fuzzy topological space (X,7) and A < X, the
following statement hold
1-A€SM0(4A) © AnSMBN(A) = 0.
2-A€SMC(A) & SMBN(A) c A.
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3-A € SMO(A) N SMC(A) < SMBN(A) = 0.
Proof
1- Let A € FSMO(X),i.e. A = FSMint(A4). Then
ANFSMBN(A) = FSMint(A) N FSMBN = ¢.
Conversely, let AN FSMBN(A) = @, then @ = FSMint(A) =
A—FSMint(A4),s0 A = FSMint(A). Then A € FSM0(X).
2-Let A € FSMC(X),i.e. A=. Then FSMBN(A) = FSMcl(A)
FSMBN(A) = FSMcl(A) N Fcl(X —A) = AN FSMcl(A) c A
Conversely, let FSMBN(A) c A. Since
FSMint(A) = FSMBN(A) U FSMint(A) ¢ AU FSMint(A) —
A. Therefore
A =FSMcl(A). So A € FSMC(X).
3-LetA € FSMOX) N FSMC(X),ie. Ae FSMO(X)and A €
FSMC(X), from (1,2) we have AN FSYBN(A) = @, and
FSMBN(A) c A.Consequently, FS¥BN(A) = @. Conversely, let
FSMBN(A) = @. Since FSMBN(A) = @ c A, (by2) we have
A€ FSMC(X). Also AN FSMBN(A) = @,(by 1) we have
A€ FSMO(X). Therefore A € FSMC(X) n FSM0(X).
4, FSMb — Compact and FSMb — Connected
Definition 4.1

A fuzzy topological space (X, ) is called to be fuzzy simply
compact (FSM™ — compact) < every FS™ —open cover of X has
a finite sub cover.
Definition 4.2

A fuzzy topological space (X, 7) is called to be fuzzy
simply b — compact (FS™b — compact) < every FS™b —open
cover of X has a finite sub cover.
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Definition 4.3

A fuzzy sub set A of a fuzzy topological space (X, 1) is
called to be fuzzy simply compact (F S™ — compact) set relative
to X if every FS™ — open cover of A4 has a finite sub cover.
Theorem 4.1

A FSMp — closed subset of an FS™b — compact space
(X,7) is FSMb — compact.
Proof

Let Abea FS™b —closed setin X. ThenX —AaFS"h —

open set. Let
{G;:i € I} c FSMbO(X). Since X is FS™b —compact, then
there exist a finite fuzzy subset I, of I, suchthat X = (X —A) U
(Uier, G;) € FSMbO(X). Hence
a(x) < Huer, ¢, (x), and A be a FS™p — compact subset of X.

Theorem 4.2

Let A & B be fuzzy subset of a fuzzy topological space
X, 7). If AisFSMp —
compact relative to X and B is FS™b — closed set in (X, 7), then
AN B is FSMp — compact relative to X.
Proof

Let {U;:i € I} be a FS™b — open cover of A N B. Since
B € FSMpC(X),then X — B € FSMbO(X). Therefore (X — B) U
({U;:i € I}) c FSMbO(X), which is a cover of A. Since 4 is
FSMp — compact relative to X, then there exist a finite fuzzy
subset I, of I such that p, (x) < uy (vierjucx—p)(x). Then
tang (X) < Uy weieryux-p)ne (X) < Uy wiierue(X) <
Hy (gier,y(x). Hence AN B is FS™p — compact relative to X.
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Theorem 4.3

Every FS™b — open subset of X is FS™b — compact < it
is FSMp — compact relative to X.
Proof

Let U be FS™b — compact and let {U;:i € I} be FSMp —
open cover of U. Since U is FS™b — compact then U c
U{U;: i € I}, and then there exist a finite fuzzy subset I, of I
such that U ¢ U{U;:i € 1,}. Then U is FS™b — compact relative
to X. Conversely, let {U;:i € I} be FS™b — open cover of U
since U, is FSMb — compact set relative to X. Thus p,(x) <
ty (wieny(x) and hence there exist a finite fuzzy subset 1, 0f I
such that uy(x) < py (w,ier,y(x). This indicates that U is
FSMp — compact.
Definition 4.4

Two non empty fuzzy sub set A & B in a fuzzy topological

space (X, 7) are said to be fuzzy simplyb — separated (FSMb —
separated) if AgSMcl(B) & BqSMcl(4).
Remark 4.1

Any two FSMp — separated sets are always disjoint but the
converse need not true in general.
Remark 4.2

Each two separated sets are FS™b — separated, since
FSMbcl(A) c bcl(4).
Theorem 4.4

Let A & B be non empty fuzzy subset of a fuzzy topological
space (X, 7). Then
the following statement holds
1- If A & B are FS™b — separated and 4, , B; are non empty
fuzzy sets such
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that py, (x) < py(x) and pp (x) < pp(x) then A; & B, are
also FSMb — separated.
2- If AgB and either both of A & B € FSMbO(X)or A& B €
FSMpC(X), then

A & B are FSMp — separated.
3- If either both of A & B € FSMbO(X) or A& B € FSMbC(X),
and if

H=AnNnX-B)andG =B N (X — A) then H& G are
FSMp — separated.
Proof
1- Since py, (x) < pa(x), SO phgmpeyay (%) < fgMper(ay (%) then
B,gSMbcl(A,)
B,qS™bcl(A), BqS™bcl(A). Hence B;qSMbcl(A,). Similarity,
since pp, (x) < pp(x), then pugmp, gy (X) < UsMpey(py (X).
Consequently, A,gSMcl(B;), A;qSMcl(B), AqgSbcl(B).
Then A,qSMcl(B). Therefore A & B are FS™b — separated.
2-LetA,B € FSMpO(X). Thus X — A, X — B € FSMbC(X).
Since AgB, then
ta(x) < px_p(x). Thereforepgm, ;4 (x) < px-p(x) = X — B,
since
X — B € SMbcl(A) . Then BqSMbcl(A) c Bq(X — B), then
BqSMbcl(A). Similarly AgS™bcl(B). Hence A & B are FSMb —
separated.
3-LetA,B € FSMpO(X). Thus X — A, X — B € FSMbC(X).
Since uy(x) < X — B, and pgmp gy (X) < pgMpeyx—py (X) =
X — B, and BgS™bcl(H), Bg(X — B)q SMbcl(H),
GqS"bcl(H). Since GgX — A.Then pgmy gy (%) <

HsMpci(x—a) (x) =X — A4,
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HqSMbcl(G) € Hq(X — A), AqS™bcl(G). Therefore
(X —B)qgAqg An (X —B)NS"bcl(B) N SMbcl(X —
AHGSMbcl(G). Thus H& G are FSM — separated. Let A,B €
FSMbC(X). Thus A = SMbcl(A), B = SMbcl(B). Since
iy (X) < px-py (x), then HgSYbcl(B). Sincepgmy ey gyny () <
Hanx—B)nsMbei(B)nsMpci(x—a) (%), S-t.
AN (X —=B)gS"bcl(B)gSMbcl(X — A) = Aq(X —
B)qSMbcl(X — B). Therefore SMbcl(G)qH. Similarly
SMbcl(H)qG. Hence H& G are FSMb — separated sets.
Definition 4.5

A sub set G of a fuzzy topological space (X, t) is said to be
fuzzy simply b — (FS™b — connected) relative to (X, 7). If there
are no FS™b — open sub set A & B of X such that A & B are
FSMp — separated relative to (X, ) and G = A U B.
Remark 4.3

For any fuzzy topological space (X, 1) every FSMb —
connected is connected. But the converse is not true in general.
Theorem 4.5

Two none empty fuzzy sets A & B in an fuzzy topological
space (X, t) are FSMb — separated if and only if there exist
U,V € FSMpO(X) such that
pa(x) < py(x), pp(x) < py(x), AqV & BqU.
Proof

Let A and B be FS™b — separated sets. LetV = X —
SMbcl(A) and
U=X-—S"pcl(B). Then U,V € SMbO(X), such that pu,(x) <
py (),
pug(x) < uy(x) & AqV, BqU. Conversely, let, U,V €
SMbO(X), ua(x) < py(x),
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ug(x) < uy(x) & AqV,BqU.Since X —V,X — U € S™bC(X),
then
.usMbcl(A)(x) <ux—y(x) < py_p(x)& HsMpci(B) (x) <
ty—y (%) < pyx_a(x), therefore SMbcl(A)qB&SMbcl(B)qA.
Hence A & B are FS™b — separated sets.
Theorem 4.6

Every Fb — compact space is F — compact space.
Proof

Suppose that (X, ) is a fuzzyb — compact space, and let the
collection
W = {A;: A; € I*,i € I} be a fuzzy open cover of X. Since
Sup{us(x)} = 1, then X =U A. By (every fuzzy open cover is a
fuzzy b — cover) then W is fuzzy b — open cover of a fuzzy b —
compact space, then X has a finite sub cover which belong to W
Therefore X is a fuzzy compact space.
Theorem 4.7

Every Fb — closed sub set of a Fb — compact space is F —
compact.
Proof

Suppose that (X, t) is a fuzzy b — compact space, and G is a
fuzzy compact. Let
W = {A;: A; € I*,i € I} be a fuzzy open cover of G in(X, 7).
Since G is a subset of W then u;(x) < sup{u,(x)}. So that, W
Is a fuzzy b — open cover of G, since G is a fuzzy b — closed
subset of X, then G€ is a fuzzy b — open subset of X. Therefore
W U G¢ is a fuzzy open cover of X, which is fuzzy b — compact
space. Then there exist members of W such that X = A4; U {G¢},
i.e. X has two finite sub cover {4;, G¢} since u;(x) < 1,
then G € X and G¢ cover no part of G. Hence,
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Ue (x) < sup{uys(x)}, so G < A;. Therefore G is a fuzzy
compact.
Remark 4.4
A Fb — closed sub set of a F — compact need not be
compact.
Proposition 4.1
Let (X, 1) be an F — topological space if A and B are two
Fb — compact sub set of X, then A U B is also Fb — compact.
Proof
Let W = {A;:A; € I*,i € I} be a Fb — open cover of
A U B, then
Haup (%) < Sup{ua, (x):i € I}, 50 Max{u, (x), pp(x)} <
Sup{ua,(x):i € I}, therefore AU B € 4;,i € I. Since piy(x) <
Uaup(x),then A € A U B, also
g (x) < puyup(x)ie. BS AUB.So{A;i€l}isafuzzy b —
open cover of A4, and a fuzzy b — open cover of B. Since A & B
are two fuzzy b — compact sets, then there exist a finite sub
cover (A4,4,, ..., A,,), which covering A belong to {4;,i € I}.
Thenu,(x) < Max{uAi(x):i € I}, SOACA;i=12,..,nand
there exist a finite sub cover (4,, 45, ..., 4,,,) which covering B
belong to {A;,i € I}. Then
pup(x) < Max{u,, (x):i €1}, 50 B © A;:i = 1,2, ..., m. Therefore
Uaup(x) < Sup{,uAi(x):i =12, ..,n+ m}, then AUB C
A;,i=12,...,n+m.Then AU B is Fb — compact.
Proposition 4.2
Let (X, ) be an F — topological space if A and B are two
Fb — compact sub set
of X, then A n B need not be Fb compact.
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