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Abstract:

In this paper the concept of Intuitionistic fuzzy B boundary is
introduced and several of its properties are investigated. Intuitionistic fuzzy
set is very useful in providing sufficient material for researchers to utilize
these concepts fruitfully.
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Introduction:

After the introduction of fuzzy sets by Zadeh [9], the fuzzy concept
has invaded almost all branches of mathematics.The concept of fuzzy
topological spaces was introduced and developed by Chang [4]. Atanassov
[1,2] introduced the notion of intuitionistic fuzzy sets, Coker [5] introduced
the intuitionistic fuzzy topological spaces. Using the notion of intutionistic
fuzzy B set, we also define the concept of intuitionistic fuzzy fboundary. We
extend this study further in the last paper and give many properties,
characterizations and examples pertaining to the generalized notion.

The aim of this paper is to conclude several properties of Intuitionistic
fuzzy B boundary and give some examples about it.
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1- Preliminaries:
Definition 2.1. [1] Let X be a non-empty fixed set. An intuitionistic fuzzy
set (IFS for short) A in X is defined by
A = {(x, pa(x), va(x)) | x € X}.

Where the functions p,: X — [0,1] and v4: X — [0, 1] denote the degree of
membership (namely w4 (x)) and the degree of non membership (hamely
v,(x) ) of each element x € X to the set A, respectively. And
0 < py(x) + vu(x) <1 for each x € X. Denote by IFS (X) the set of all
intuitionistic fuzzy sets in X.
Definition 2.2. [1] Let A and B be IFSs of the form A =
{x, 114 (), va(x)) | x € X} and
B = {(x, ug(x),vg(x)) | x € X}. Then
1) Ac Bifandonlyif u,(x) < ug(x)and vy(x) = vg(x) forall x € X,
2) A=Bifandonlyif A< Band B C A,
3) A =1-A={{x,v4(x), ua(x))| x € X},
4) ANB = {(x,ua(x) A pp(x), v4(x) V vp(x))| x € X},
5) AUB = {{x, ua(x) V pp(x),v4(x) Avg(x))| x € X}.

For the sake of simplicity, we shall use the notation A = (x, u,, v4) instead

of A = {(x, ua(x), va(x)) | x € X}.
Definition 2.3, [1] 0 ={(x,0,1) : x € X}and 1 = {(x,1,0) : x € X}
Definition 2.4.[4] An intuitionistic fuzzy topological space (IFTS for short)
on X is a family t of IFSs in X which satisfies the following properties:
1) 0,1€r.
2) IfA;,A, €T, thenA; N A, € T.
3) IfA; € tforeach i, then U A4; € 1.
The pair (X, 7) is called an intuitionistic fuzzy topological space.
Definition 2.5. [4] Each member of t is called an intuitionistic fuzzy open
set (IFOS for short) in X.
Definition 2.6. [3] The complement A€ of an IFOS A in X is called an
intuitionistic fuzzy closed set (IFCS for short) in X.
Definition 2.7. [5] Let (X, 7) be an IFTS and A = {{x, u4, v,)} be an IFS
in X. Then the intuitionistic fuzzy interior is defined by

int(A) =uU{U | UisanIFOSin X and U € A},
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and an intuitionistic fuzzy closure is defined by
cl(A) =n{K |KisanIFCSinX and A € K}.
Now, it is important to introduce the following propositions.
Proposition 2.8. [2] Let (X,7) be an IFTS and A4, B be IFSs in X. Then the
following properties hold:
1) int(A) € A,
2) A € B = int(A) € int(B),
3) int(int(4)) = int(A4),
4) int(An B) = int(A) nint(B),
5) int(1) = 1 and int(0) = 0.
6) A < cl(4),
7) AS B = cl(A) € cl(B),
8) cl(cl(A)) = cl(A),
9) cl(AuU B) = cl(A) U cl(B),
10) cI(0) = 0 and cl(1) = 1.
11) cl(A°) = (int(4))",
12) int(A°) = (cl(A))".
Definition 2.9. [6] Let (X, t) be an IFTS and A be an IFS in X. Then the
intuitionistic fuzzy boundary of A is defined as IBd(A) = cl(A) n cl(A).
IBd(A) is a intuitionistic fuzzy closed set (IFCS).
3- Intuitionistic fuzzy fboundary
Definition 3.1. [ 3, 8] An IFS A inan IFTS X is called an intuitionistic fuzzy
Bopen set (IFBOS) of X, if and only if A € cl(int(cl(A))). The complement
of an IFBOS A in X is called intuitionistic fuzzy Sclosed (IFBCS) in X.
Example 3.2.

Let X = {a,b}and
A= (5555) (Gran)

a b a b
B =(x(5555) (505)
Then the family T = {0,1, A} isan IFT on X. Since

B < cl (int(cl(B))) = A%, B is an IFFOS in X.
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Definition 3.3. [8] Let (X, 7) bean IFTS and A = {(x, u4, v,)} be an IFS
in X.Then the intuitionisitic fuzzy Sinterior and intuitionistic fuzzy
pclosure of A are defined by
pint(A) =uU{U |UisanIF fOSin X and U € A},
Bcl(A) =n{K|KisanIF BCSin X and A € K}.
Remark 3.4. From definition we have:
1) Bint(A) € A < Bcl(A).
2) If A< B = pint(A) < Bint(B).
3) If A< B = Bcl(A) € Bcl(B).
4) If AIFBOS. Then Bint(A) = A.
5) If A IFBCS. Then Bcl(A) = A.
Example 3.5.
Let (X, ) be an IFTS defined in example 3.2. Bint(B) = B,
pcl(B) =B
Proposition 3.6. Any IFOS is IFSOS.
Proof:
Let (X,7) be an IFTS and A be an IFOS in X.Then A = int(A).
wACcl(A) ... 6))
= int(A) < int(cl(A)).Then we have = A < int(cl(4))
From (i) A < cl(A) < cl (int(cl(A))). Then Aisan IFBOS in X.
Remark 3.7. From above proposition:
1) Let (X,t)bean IFTS and A be IFS. Then int(A) < Bint(A).
2) Let (X,t)beanIFTS and A be IFS. Then cl(A) € Bcl(A)
3) The converse of above proposition is not true.
Example 3.8.
Let (X, 7) be an IFTS defined in example 3.2. B is IFBOS in X. But is not
IFOS in X.
Theorem 3.9. For IFSs A and B inan IFTS (X, t). Then.
1) Bint(An B) = Bint(A) n Bint(A).
2) Bcl(AUB) = Bcl(A) U Bcl(A).
3) Bcl(ANnB) < Bcl(A) n Bcl(B).
4) Bel(Bcl(A)) = Bel(A)
5) Bint(Bint(A)) = Bint(A).
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6) (Bint(A))° = Bcl(A%).
7) (Bcl(A))F = Pcl(AY).
Proof:
1) Since Bint(A) € A, Bint(B) < B. Then Bint(A) n Bint(B) S AN
B. But Bint(A) n Bint(B) is an intuitionisitic fuzzy fopen set

= pint(A) n Bint(B) € Bint(ANB) ........... (1)
Conversely, ANB< A, ANBCBHB
= Bint(AN B) < Bint(A) n Bint(B) ......... (i1)

From (i) and (ii) we have, Sint(A N B) = Bint(A) n fint(B).
2) SinceAS AUB ,B < AUB.Thenwe have Bcl(A) € Bcl(A U B),
and Bcl(B) < Bcl(AU B)
= Bcl(A) U Bcl(B) € Bcl(AUB)......... (1)
Since, A € Bcl(A),B < Bcl(B). Hence
Bcl(AU B) € Bcl(A) U Bcl(B) ......... (i)
From (i) and (ii) we have, Bcl(AU B) = Bcl(A) U Bcl(B).
3) SinceANB<S A ANBCSB
= Bcl(ANB) < Bcl(A) and Bcl(ANB) < Bcl(B)
Hence Scl(AN B) < Bcl(A) n Bcl(B).
4) From definition Bcl(A) is a intuitionisitic fuzzy Sclosed set. Then we
have Bcl(Bcl(A)) = Bcl(A).
5) From definition Bint(A) is a intuitionisitic fuzzy Sopen set. Then we
have Bint(Bint(A)) = Bint(A).
(7)-(8) proofs are straight forward.
Example 3.10.
Let (X,7) bean IFTS, 7 = {0,1, 4, B}. Such that

A=x (07 07) (06.13’£)) B =(x (05 06) (0?4'%))'
a b a b
C=(x (05 01) (o.s’ﬁ)) D=(x (02 05) (07 a))'
Bel(C) = 1,Bcl(D) = 1and Bcl(C N D) = (x, (02 O”l) (0?7,()”7)>
Bcl(C N D) = Bcl(C) nBcl(D) .
Definition 3.11. [6] Let A be IFS in an IFTS (X, ). Then the intuitionistic

fuzzy boundary of A is defined as IBd(A) = cl(A) N cl(A€). IBd(A) is an
intuitionistic fuzzy closed set (IFCS).
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Definition 3.12. Let A be IFSinan IFTS (X, 7). Then the intuitionistic fuzzy
Bboundary of A is defined as IBBd(A) = Bcl(A) N Bcl(AC). IBBA(A) is an
intuitionistic fuzzy Bclosed set (IFSCS).

Example 3.13.

Let (X, 7) be an IFTS defined in example 3.2 ,8cl(B) = B, Bcl(B¢) = B€.
Then IBBd(B) = A.

Remark 3.14. In classical topology, for an arbitrary set A of topological space
X, AUBd(A) =cl(A). But AUIBBd(A) € Bcl(A), for an arbitrary
intuitionistic fuzzy set A inan IFTS (X, t), where the equality may not hold.
Example 3.15.

Let (X,r) be an IFTS defined in example 3.10. CUIBBd(C) =

o (5535) (533 # Bel(©) = 1
Proposition 3.16. Let A and B be IFSs in an IFTS (X, 7). Then the following
conditions hold:
1) IBBd(A) < IBd(A).
2) Bcl(IBBd(A)) € IBd(A)
3) IBBd(A) = IBBdA(A°).
4) If Ais IFSCS, then IBBd(A) < A.
5) If Ais IFBOS, then IBBd(A) < A°.
6) (IFBd(A))¢ = Bint(A) U Bint(A°).
Proof:
1) Since Bcl(A) < cl(A) and Bcl(A°) < cl(A°). Then
IFBd(A) = Lcl(A) N Bcl(AC) € cl(A) N cl(A€) = IBd(A) . Hence,
IBBd(A) < IBd(A).
2) Bcl(IBBd(A) = Bcl(Bcl(A) n Bcl(A)€
c Bel(Bel(A)) n Bel(Bcl(A9))
= Bcl(A) N Bcl(A€) = IBBA(A) < IBd( A).
3) IBBA(A) = Bcl(A) N Bcl(A€)
= Bcl(A9)° N Bcl(A€)
= Bcl(A°) N Bcl(AC)C = IFBd(AC).
4) Let A be an IFSCS.Then
IBBd(A) = Bcl(A) N Bcl(A) < Bel(A) = A
= IBBd(A) c A.
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5) If Ais IFBOS, then A€ is IFBCS. By (3) and (4) we have IBBd(A) =
IBBd(A€)and IBBA(A€) € A° = IBBd(A) € A°.
6) (IBBd(A))° = (Bcl(A) n Bcl(A9))" = (Bel(A)) U (Bel(A9))°
= Bint(A°) U Bint(A)
Then we have (IBBd(A))¢ = Bint(A) U Bint(AS).
Example 3.17.
Let (X,7) be an IFTS defined in example 3.2. IBBd(B) = A, IBd(B) =
A€ and A < AC . Bcl(IBBd(B)) = A € IBd(A) = AC.
Proposition 3.18. Let A be a intuitionistic fuzzy set in an IFTS (X, 7). Then,
1) IBBd(A) = Bcl(A) n (Bint(A))°.
2) IBBd(Bint(A) < IBBd(A).,
3) Bint(A) € An (IBBd(A))¢.
Proof:
1) Since IBBA(A) = Bcl(A) N Bel(AS). But Bcl(A°) = (Bint(4))’.
Then IBBd(A) = Bcl(4) n (Bint(4))°
2) IBBd(Bint(A) = Bcl(Bint(A)) n Bcl(Bint(A))¢
= Bel(Bint(A)) N Bel(Bcl(A)°)
= ,Bcl(ﬁint(A)) N Bcl(A)¢
C Bcl(A) n Bcl(A)E = IBBA(A).
3) Consider
AN (IBBd(A)) = An [Bcl(A) n Bcl(A)E]¢
= AN [Bint(A)° U Bint(A)]
= (AN Bint(4)°) U (A n Bint(4))
2 pint(A)
Example 3.109.
Let (X, T) be an IFTS such that

A=(x (07 07) (o% %))  B=x (08 08) (oa1 %))'
€ =(x, (2,2, (=, =), 7 = {0,1,4,B} . Then IBBd(C) =
but Bint(C) = 0. Then IBBd(Bint(C) # IBBd(C) and
Bint(C) € € n (IBBA(C)) = C
Theorem 3.20. Let A and B be IFSs inan IFTS (X, 7). Then
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IBBA(A U B) < IBBd(A) U IBBd(B).
Proof:
From Theorem 3.9, we have
IBBA(A U B) = Bcl(AU B) n Bcl(A U B)®
= Bcl(A U B) N Bcl((A°) N (BS))
< (Bcl(A) U Bcl(B)) N (Bel(AS) N Bel(BO)).
= Bcl(A) N (Bcl(A9) N Bel(B)) U (Bel(B) N
(Bcl(A9) n Bcl(BY)).
= (BIBd(A) N (Bcl(A®)) L (BIBA(B) N (Bcl(A9))
C BIBd(A) u BIBdA(B).
= IBBd(A U B) € BIBd(A) U BIBd(B).
Example 3.21.
Let (X,7) be an IFTS defined in example 3.14. IBBd(C U B) = B¢ , but
BIBd(C) U BIBd(B) = C. Then
IBBA(C U B) # BIBd(C) U BIBd(B)
Theorem 3.22. Let A and B be IFSs inan IFTS (X, t). Then
IBBA(An B) < (IBBA(A) n Bcl(B)) U (IBBA(B) N Bcl(A)).
Proof:
IBBA(ANB) = Bcl(AnB) N Bcl(A N B)¢
< (Bcl(A) N Bel(B)) N (Bel(AC) U Bel(BE))
= [Bcl(A) N (Bcl(B)) N Bel(ADD] U [(Bel(A) n
(Bcl(B)) N Bel(B9))
= (BIBd(A) N (Bcl(B)) U (BIBA(B) N (Bcl(4))
= IBBA(A N B) € (IBBA(A) n Bcl(B)) U (IBBA(B) N Bcl(A)).

Example 3.23.
Let (X, ) be an IFTS defined in example 3.2.
a b a b
and C = (x, (E’E)’(ﬁ'ﬁ))’ Then IBBd(C n B) = C, and
b b
(18BA(C) N Bel(B)) U (IBBA(B) N Fel(€)) = (x, (==, =), (=, ).

Then IBBd(A N B) < (IBBA(A) N Bcl(B)) U (IBBA(B) N Bcl(A))
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