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Abstract

The aim of this paper isto presenta formulation of intoitionstic
fuzzy normal sub-hypergroup (intuitionistic fuzzy normal Hv -subgroup)
in intuitionistic fuzzy hyper- group based on the notion of intuitionistic
fuzzy space as a direct generalization of fuzzy normal Hv -subgroup
based on the notion of fuzzy universal set. A relation between intuit-
tionistic fuzzy normal sub-hypergroup (intuitionistic fuzzy normal Hv -
subgroup) based on intuition- istic fuzzy space and fuzzy normal sub-
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The relationship between intuitionistic fuzzy normal subhypergroups

hypergroup based on fuzzy space is obtained in terms of induction and
correspondence and the relation between the intuitionistic fuzzy
normal subhyper group (intuitionistic fuzzy normal Hv- subgroup) and
the classical intuitionistic fuzzy normal sub-hypergroup in the sense of
Davvaz is obtained.

Keywords: Intuitionistic  fuzzy space,Intuitionistic  fuzzy
hypergroup, Intuitionistic fuzzy subhypergroup, Intuitionistic fuzzy
normal subgroup.

1. Introduction and basic concepts
The concept of hyperstructure has been introduced in 1934 by

the French mathematician F. Marty [26] at the 8th Congress of
Scandinavian Mathematicians, in classical algebraic structure, the
composition of two elements is an element, while in an algebraic
hyperstruc- ture, the composition of two elements is a set. Formally,

if H is a nonempty set and P*(H ) is the set of all nonempty subsets
of H then we consider maps of the following type:

fi :HxH —»P*H)
where i = 1,2,...,n and n is a positive integer. The maps fj are
called (binary) hyperoperations. A hypergroup H is a hyperstructure
(H, =) satisfying
(1) xe(yez)=(x=y)eozforall x,y,z€H,
(2) xeH=He<ex=H forall x eH.
If (H, =) satisfies only condition (1) then (H, <) is called a
semihypergroup and if we replace condition (1) by x e (y cz) N(Xx =
y) @ z = ¢ (which is obviously weaker than condition (1)), then the
hyperstructure (H, <) is called an Hy -group. The concept of fuzzy
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set has been introduced by Zadeh [33] in 1965. Fuzzy set theory
generalizes classical set theory in a way that membership degree of

an object to a set is not restricted to the integers 0 and 1, but may
take on any value in [0,1]. Therefore a fuzzy subset A of a set X is

a function A : X — [0, 1], usually this function is referred to as the
membership function and denoted by pa (x). Some mathematicians
use the notation A(x) to denote the membership function instead of
Ha (X). A fuzzy subset A is written symbolically in the form

A = {(X, pa (X)) : x € X J. Since the introduction of the notion
of fuzzy sets many researches were conducted to generalize and carry
out ordinary mathematical concepts to fuzzy mathematical concepts.
From that time, the theory of fuzzy mathematics has been developed
in applications in in a wide variety of fields. Atanassov [8], [9]
generalized the notion of fuzzy sets to new operations defined over
the intuitionistic fuzzy sets and introduced theory and applications
on the intuitionistic fuzzy sets. . An intuitionistic fuzzy set A of a
universe of discourse X is an object having the form: A = {(X, Ua
(X), va (X)) : x € X 3, where the functions pa,va : X — [0, 1] define
the degree of membership and nonmembership respectively of the
element x € X such that 0 << pa +va < 1. Obviously every fuzzy set
has the form {(x, pa (X), 1 —pa (X)) : x € X J. Therefore if it
happens that pa (xX) = 1—va (x) for all x €X then the intuitionistic
fuzzy set A will be a fuzzy set. Since then, a great number of
practical results appeared in the area of Atanassov’s intuitionistic
fuzzy sets. Davvaz [12], [13] introduced a brief survey of the theory
of Hy -structures and isomor- phism theorems of polygroups. Davvaz
et al, [10], [11], [14] introduced the notions of fuzzy as Hy -groups,
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fuzzy homo- morphisms and roughness based on fuzzy ideals In [15],
[16], Davvaz et al. introduced the concept of fuzzy hyperalgebras,
which is a direct extension of fuzzy algebras (fuzzy sub-hypergroup,
fuzzy hyperring, etc.)

Let (H, =) be a hypergroup (respectively, Hy -group) and let p
be a fuzzy subset of H. Then p is said to be a fuzzy sub-hypergroup
(respectively, fuzzy Hy -subgroup) of H if the following axioms hold:

1. min€puXx), M) F=infLu(z) : zexey} foral x,yeH,

2. min€u(a), LX) F < u(y), for all x, a € H there exists y € H such
that x€ea-y,

3. min€u(a), LX) F < u(z). for all x,a € H there exists z € H such

that xez - a.

This approach can be extended to fuzzy hypergroups, fuzzy
hyperring and fuzzy hyperideal by using the concept of fuzzy
universal sets and fuzzy hyperoperations. Rosenfeld [29] introduced
the study of fuzzy algebraic structures with the concept of fuzzy
groups. Dib in [20] remarked the absence of the fuzzy universal
set and discussed some problems in Rosenfeld’s approach [29].
Davvaz [5], [12], and Vougiouklis in [32] surveyed some classes of
hypergroupsthe theory of Hy-structures. A new approach to define
and study fuzzy hypergroups and fuzzy hyperrings is given by Davvaz
et al.[15], [16], which depends on the concept of fuzzy space which
serves as the concept of the universal set in the ordinary algebra.
This approach can be considered as a generalization and a new
formulation of Dib’s approach of the fuzzy group and fuzzy subgroup
which depends on the notion of fuzzy space. He introduced the
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concept of fuzzy space to replace the concept of universal set in the
ordinary case. Dib and Hassan [21] defined the fuzzy normal
subgroup in a fuzzy group by using the concept of fuzzy spaces.

The notion of intuitionistic fuzzy sets was introduced by Atanassov
[7]. The main prob- lem in intuitionistic fuzzy mathematics is how
to carry out the ordinary fuzzy concepts to the intuitionistic fuzzy
case.

Davvaz in [6] introduced the relationship between intuitionistic
fuzzy sets and genetics, and Mohammed Fathi and Abdul Razak
Salleh [23],[24], introduced a new formulation of intuitionistic fuzzy
groups by introducing the concepts of intuitionistic fuzzy space and
intu- itionistic fuzzy function. The study of intuitionistic fuzzy
hyperstructures is an interesting research topic of intuitionistic fuzzy
sets.

Abdulmula and Salleh [1] introduced the concept of intuitionistic
fuzzy hypergroup based on intuitionistic fuzzy space and Abdulmula
and Salleh, [1], [2], [3] introduced the definition of the notion of
intuitionistic fuzzy hyperhomomorphism of intuitionistic fuzzy
hypergroups and intuitionistic fuzzy normal sub-hypergroups based
on intuitionistic fuzzy space as a generalisation of fuzzy hypergroup
of Davvaz et al. [10] based on fuzzy space of Dib [20]. There is a
considerable amount of work on the connections between fuzzy sets
and hyperstructures. Davvaz, Fathi and Salleh [15],[16] applied the
concept of fuzzy sets to the theory of al- gebraic hyperstructures
and defined fuzzy sub-hypergroup (respectively Hy -subgroup) of a
hypergroup (respectively Hy -group) and fuzzy sub-hyperrings
(respectively Hy -subrings) of a hyperrings (respectively Hy -rings )
which is a generalization of the concept of Rosenfeld’s fuzzy subgroup
of a group. Davvaz et al. in [17], [19], [28] introduced the concept
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of intu- itionistic fuzzy hyperrings (rigs) based on intuitionistic fuzzy
universal set by Atanassove.

Dib in [20] gave us a new approach of the notion of fuzzy normal
subgroups to continue the theory of intuitionistic fuzzy subgroups
obtained by Fathi[27]. After that, the intuitionistic fuzzy normal
subhypergroups were introduced by Abdulmula and Salleh [2],[3], in
a similar manner to Salleh [4], which depends on the concept of
fuzzy space which serves as the concept of the universal set in the
ordinary algebra.

We recall some definitions and results which will use it in the
paper. Throughout the paper, we shall adopt the notations:
X for a non-empty set,
I: for the closed interval [0, 1] of real numbers.
L: for the lattice I x I with partial order defined by
(i) (r1,r2)<(s1,s2)ifand only ifr1 <s1 and r2 <s2
whenever s1 =0and s2 =0,

(i) (s1,s2) = (0, 0) whenever s1 =0ors2 =0.

The concept of fuzzy space and fuzzy subspace was introduced and
discussed by Dib, which play the role of universal set in ordinary
classical mathematics. concept of the fuzzy space (X, I) is the set of
all ordered pairs (x, 1);x€eX; i.e,

XK, D)=L 1):xeX P, where (x,1)=L(xr):rel }.

The ordered pair (x, 1) is called a fuzzy element in the fuzzy space
(X, ). A fuzzy subspace U of the fuzzy space (X, I) is the
collection of all ordered pairs (X, ux), where X € Uo for some Uo ¢
X and ux is a subset of I, which contains at least one element
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beside the zero element. If it happens that x # Us, then ux = 0.
An empty fuzzy subspace is defined as
L(X,Ox) : xeUoPF. Let U =L (X,ux) : X € Uo } and

V = L(X,vx) : X € Vo } be fuzzy subspaces of (X, 1). The
union and intersection of U and V are defined respectively as
follows:
UuV = (X,ux Uvx) :XEUs UVe } (1.1)
Unv = (X, ux Nvx) : XxeUo NVo } (1.2)
Dib et al. [22] introduced some notations as, fuzzy function
E =(F, fxy) : X xY — Z s said to be uniform if its
comembership functions f., are identical, i.e., Ty (r,s) = f(r,s)
for all (x,y) e X xY, and they defined fuzzy binary operation
F = (F, fxy) on the fuzzy space (X, I) is a fuzzy function F from
X xX to X with comembership functions f.y : 1 x1 — | that
satisfy

L feylrs) =0 iff r=0 ors=10,

2. fry areonto | ie, fo [l x"I)=1 for all (z.y) € X x X.

Abdul Razak Salleh [4] introduced properties fuzzy homomorphisms
of fuzzy groups Fuzzy normal subgroups were studied by Liu [31] is
one among them. Dib and Hasssan [21] used the concept of fuzzy
spaces to define the fuzzy normal subgroup in a fuzzy group, If
(U,E) where U = {(z,uz) : ze U=} is a fuzzy sub-hypergroup of
the fuzzy hypergroup ((H, 1), F) then for every fuzzy element (x, 1)
of (H, I) the fuzzy subspace defined by (x, )U = (x, I )F U

= L (XFz,Txz(l,uz)) ¥}, is called a left coset of the of fuzzy sub-
hypergroup (U, F). a right coset of the of fuzzy sub-hypergroup

(U, F) is defined by the fuzzy subspace
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U, 1)=UEX 1) =<L(@zFx, fzx(uz,1))}.
A fuzzy sub-hypergroup U of the fuzzy hypergroup ((H, 1), E) is
called fuzzy normal sub- hypergroup if
(1) U is associative in ((H, 1), F).
(2 (x, DU =U(x, I) such that x eH.

In this paper, we define intuitionistic fuzzy normal Hy -subgroup
to a given intuitionistic fuzzy hypergroup through the concept of
intuitionistic fuzzy space introduced by [23]. Also, we study the
relationship between the introduced intuitionistic fuzzy normal sub-
hypergroup (intuitionistic fuzzy normal Hy -subgroup) and the
classical ones by Davvaz is established.

The structure of this paper is as follows: We introduce the
concept of intuitionistic fuzzy normal sub-hypergroup (intuitionistic
fuzzy normal Hy -subgroup) in intuitionistic fuzzy hy- pergroup
based on the concept of intuitionistic fuzzy space as a direct
generalization of the concept of fuzzy normal group in fuzzy
groups, through the new approach of fuzzy space. A relationship
between the introduced intuitionistic fuzzy normal sub-hypergroup
(intuitionistic fuzzy normal Hy -subgroup) and the classical ones by
Davvaz is established.

2 . Hypergroups and fuzzy hypergroups

In this section, we summarize the preliminary definitions and results
required in the sequel. Let H be a non-empty set and let P x(H ) be the
set of all non-empty subsets of H. A hyperoperationon H isa map
o:HxH —— P * (H ) and the couple (H, °) is called a
hypergroupoid. If A and B are non-empty subsets of H , then we
denote

doB=Upeqpepnobzod={z}odand Aoz =Ao{z}.
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A hypergroupoid (H, °) is called a semihypergroup if for all of x, y, z of
H we have (x °y) °z = x ° (y ° z), which means that

"-"-'l":--l'l.:l_ll'” o M= I-.Jl"—.:_lju:‘l- G

We say that a semihypergroup (H, °) is a hypergroup if for all x € H, we
have x °H =H °x.

A hypergroupoid (H, °) is an Hv -group, if all x, y, z € H, the following
conditions hold:
c(x°y)ezNxe(y°z)=9
excH=He°x=H.
We look at some examples of Hv —groups [32].
(1) Let (G, ) beagroup and R be an equivalence relation on_G. In
G/R consider the hyperoperation defined by x y=4{z|z € x - vy},
where x denotes the equivalence class of the element x. Then (G, .)is
an Hv -group which is not always a hypergroup.
(2) On the set L, consider the hyperoperation & defined by setting 0@ m = {0,m} and

r@y=z+yforal (zy) € I3, - {(0.m)}. Then (Z,,,, ) is an H,-group. & is

weak associative but not associative,

Davvaz introduced the notions of fuzzy subhypergroup, fuzzy
hyperideal and fuzzy sub- hypermodule using Rosenfeld’s approach.
That is he assumed a given ordinary hypergroup, hyperring and
hypermodule and defined a fuzzy subhypergroup, hyperideals and
hypermodule. Here, we recall the following definition from [12].

Definition 2.1 ([12]) Let (H, .) be a hypergroup (or Hv -group) and let
W be a fuzzy subset of H. Then p is said to be a fuzzy subhypergroup (or
fuzzy Hv -subgroup ) of H if the following axioms hold:

1. min {pu(x), u(y)} <infoex.y {w(a)},v X,y € H,
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2. forall x,a € H there existsy €H such that x €a.y and min{u(a),
nx)} < u(y).
Definition 2.2 ([12]) Let H be a hyperring and let p be a fuzzy subset
of H. Then p is said to be a left (respectively, right) fuzzy hyperideal of
H if the following axioms hold:
1. min {px), u(y)} <inf aexty {w(@)}, vV x,y €H,
2. forall x,a €H there existsy €H such that x €a + y and min{u(a),
nx)} < u(y).
3. uw(y) <infoex.y {u(a)}, (respectively u(x)<infaex.y {u(a)})
forall x,y €H,
4. forall x,a €H there exists z €H such that x €a.z and min{u(a),
HX)§ < p(2).
In [15], Davvaz etal. defined and investigated the concept of fuzzy
hypergroup, which depends on the concept of a universal set,
Definition 2.3 Let H*' be a non-empty fuzzy space. A fuzzy hyperstructure (hyper-
groupoid), denoted by (H*. () is a fuzzy space together with a fuzzy function having onto

co-membership functions (referred to as a fuzzy hvperoperation ) § : H*f w H*1 — p*(H*T)
. where P*{H*!) denotes the set of all nonempty fuzzy subspaces of H*' and

O=(aVywithac Hx H = P(H) and V=11

A fuzzy hyperoperation § = (&,V,,) on H* is said to be uniform if the associated
co-membership functions V., are identical, t.e., V., = ¥V for all z,y € H. A uniform fuzzy
hyvperstructure {H*',{) is a fuzzy hyperstructure (H*1, Q) with uniform fuzzy hyperopera-
tion.

Recall that the action of the fuzzy function ¢ = (A, V) on fuzzy elements of the fuzzy
space H*' can be symbolized as follows:

{z} =« Iy} = Iz &y, 9, (I00) = {x,y} = 1.
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Theorem 1 ([24]) To each fuzzy hyperstructure (H*', () there is an associated ordinary
hyperstructure (H, &) which is isomorphic to the fuzzy hyperstructure (H*1, Q) by the cor-
respondence {z} x I + x.

After introducing fuzzy hyperstructure, we are able now to define the notion of a fuzzy
hypergroup.

Definition 2.4 A fuzzy hypergroup is a fuzzy hyperstrucure (H*', () satisfying the follow-
Ing ATIoNS:

(1) {{EJ} w IOyt w I Oz} I = {a}  IG ({y} = 1G]z} = ), for all {z} T {yh =1, {z} =]
in H**,

(i) {z} x IQH = B4y x I=H™ | for all {z} x I in H*!,

Definition 2.5 A fuzzy H.-group is a fuzzy hyperstructure (H*' ) satisfying the following
condiftons:

(i) ({z} = IO{y} « T) Q{=} x T {a} < IO ({y} x IQ{=} x 1) # o, for all {z} x I, {y} =
Iz} xTe HY,

(i) {z} x IQH* = B ){z} x I = H*' | for all {z} x T € H*'.

Theorem 2 ([1))(1) For each infuitionistic fuzzy hy ypergroup (mimtwmsim fuzzy H, gm-up}
there are two fuzzy fiypcrymups (fuzzy Hy-groups) ((H, 1), F) and {(H,1), F'} such that F =
(F, IIH]I and F' = (F.1-f ,y} which are isomorphic to the intuitionistic fuzzy hypergroup
(intuitionistic fuzzy H,-qroup) ((H,1.1). F) by the correspondence (z,1.1) & (z,1):x € H.

(2) To each intuitionistic fuzzy hypergroup (intuitionistic fuzzy H,-group) there is an asso-
ctated ordinary hypergroup {H,.-group) {H, F) which is isomorphic to the infuitionistic fuzzy
hypergroup (intwitionistic fuzzy H,-group) ((H, I,I), F) by the correspondence (x,1,1)
r:refH.

2.1 Intuitionistic fuzzy normal subhypergroup

In this section we introduce the notion of intuitionistic fuzzy
normal subhypergroup based on associated intuitionistic fuzzy
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subhypergroup, as a generalisation of the fuzzy normal
subhypergroup.

Let (H, 1, 1), E) be an intuitionistic fuzzy hypergroup having
the intuitionistic fuzzy subhypergroup (S, F ), where
S = L(X,sx,sSx), X € S}. Similar to the fuzzy case and on the

contrary to the ordinary case, intuitionistic fuzzy elements of the
intuitionistic ~ fuzzy subhypergroup (S, F )are not necessarily
associative with intuitionistic fuzzy elements of the intuitionistic
fuzzy hypergroup ((H,1,1),E). That is, (o, I, DE (B, I, DE (v, 1, 1
) =((o, 1, DE B, 1,1))E (v, 1,1), forsome (a, I, 1), (B, 1,1)and (y, I,
) are some intuitionistic fuzzy elements of S or (H, I, 1) such that
one or two of these intuitionistic fuzzy elements belong to S.

Example 2.6 Let H = {-1,1,—i,i}. Define the intuitionistic fuzzy binary hyperoperation
F= (F,Ly,?:ﬂ) on (H,I,I) such that F: H x H = P*(H) is defined as in the following
table.
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—i} i} (2.1)

We have F is associative on (H, I, I). Then ((H,1.1), F) is an intuitionistic fuzzy semihy-
pergroup, where the comembership and cononmembership functions have the following form:

ra ifra=<l
fums)=1_,_,ns) ={ %{l—rs] ifr:s}% '
= 4 N3 i [ f1-rs) ifrs=i
fulrs) = f_y_y(rs) —{5_” ]f:l".'i}—{ 3
rs if ra < =
i_llﬁf'._.i}:L_l{i‘r#:I ={1+%{m—l:| lle"E
* . l
Fonlrs)=Fy_y(rs) :{gr:r.q E ::EE
i

and the other comembership and cononmembership functions are defined by the product rs.
Clearly {(H,1,1I), F) defines a nonuniform intuitionistic fuzzy hypergroup. Also the
intuitionistic fuzzy subspace S = {(-1,[0, i] [li 1)),(1,[0, 3], [5.1])} together with the in-

tuitionistic fuzzy binary hyperoperation F define an intuitionistic fuzzy subhypergroup of
((H.1.1),F}. Now

(0.1.0E0, 03] [51)) E-L0 51 51D 2

(1,10 (4,0 31 D ECLD 3151

That is, intuitionistic fuzzy elements of 5 are not associative with intuitionistic fuzzy ele-
ments of (H, I, T).
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In the following, we define an associative intuitionistic fuzzy subliypergroup of the intuition-
istie fuzzy hypergroup.

Definition 2.7 Anassociative intuitionistic fuzzy subhypergroup (S, F} of the intuitionistic
fuzey hypergroup ((H,1,1), F) is an intuitionistic fuzzy hypergroup (S, F) of {(H,1.I), F)
in which intuitionistic fuzzy elements of § are assoclative with intuitionistic fuzzy elements
of (H, I.1I) for any arbitrary choice of intuitionistic fuzzy elements of 8 and (H, I, 1),

Theorem 2.8 Let {(H.]
comembership funclion f

fuzzy hypergroup {(H, 1),

F) with F = (F, fry) be a uniform fuzzy hypergroup, where
r,1) = f(L.r) = v. Then every fuzy subhypergroup S of the
) 15 an associative i fuzzy hypergroup.

[

"!l.'Jil.-—\-.

Example 2.9 Let H = {-1,1,—i,i}. Define the intuitionistic fuzzy binary hyperoperation
F= (F_. I:y‘?fﬂ) on (H,II)such that F: H x H — P*(H) is defined as in Example 2.6,
the comembership and cononmembership functions are given respectively for all z,y € H
by

LH{J'_.:;] =rV s and ?Iy{r, s =rhs

Obviously the intuitionistic fuzzy subspace
.'E-'—{I'III1 11){1[]1 11)1]{ <3<1
_{ 1[.‘.'3]?[.3?]1 r[1a]1[ar]1 0= o0~ }

defines an associative intuitionistic fuzzy subliypergroup of ((H, I, I}, F).

Following the above definitions and examples we have the following interesting result
regarding associative intuitionistic fuzzy subgroups and as a generalization of Theorem 2.8,
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Theorem 2.10 Let {(H,1.1),F} with F = (F, [, f) be a uniform intuitionistic fuzzy hy-
pergroup.  If the comembership funetions f(r.1) = f(l.r) = r and the cononmembership
functions f(r,1) = f(1,v) = r, then every intuitionistic fuzzy subhypergroup of the infu-
itionistic fuzzy hypergroup {(H, I, 1), F) is an associative intuitionistic fuzzy subhypergroup.

Proof 1 The proof is directly obtained from the properties of the comembership functions
I, Y and the cononmembership functions f,, as generalisation of Theorem 2.8,

Corollary 2.11 Let ((H.I,I),F), where F = (F, |, f), be a uniform intuitionistic fuzy

hypergroup. If f and ¥ are t-norm functions, then every intuitionistic fuzzy subhypergroup
of the intuitionistic fuzzy hypergroup ((H, I, I), F} is an associotive intuitionistic fuzzy sub-
hypergroup.

We will now define the notions of left and right coset of intuitionistic fuzzy subhypergroup
before introducing the the concept of intuitionistic fuzzy normal hypergroup.

Definition 2.12 If (5, F} where § = {(z,5,.5;) : = € 5} is an intuitionistic fuzzy sub-
hypergroup of the intuitionistic fuzzy hypergroup ((H, I, 1), F) then for every intuitionistic
fuzzy element (x, I, T) of (H, 1,71},

(1) the intuitionistic fuzzy subspace (5, F) is called a left coset of the intuitionistic fuzzy
subhiypergroup (S, F b if

(2, 1,1)§ = (2, 1,1)F§ = {(xF>, f_ )'f A1),z € 8.}
= {(F(z,z) ].T’ (1,5:)),= € 50}

—{{{ﬂ'}f {I_z o2 (1.3:)) {w) € H)
€ P*((H.11)),

(2) In the same manner of (1), we define right coset of the intuitionistic fuzzy subhypergroup
(8, F) as follows

Sz, 1.1)=8F(z,1.1) = {(zFz,f_(s,.1).f_.(5:,1)),> € 8,}
= {(F (=), I {L ] F 3z, 1)), 2 € 8o}
={({wh f_(s:1). for (52, D)) {w} € H}
C PH(H,I.T)).
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Theorem 2.13 For any associative intuitionistic fuzzy subhypergroup (5, F) of the intu-
itionistic fuzzy hypergroup ((H, I, ), F) the following hold

(1) (z,1,1)8 = (h,1,,14)S for every intuitionistic fuzzy element (b1, Ty) € (x,1,1)S
where I, T, denotes the possible comembership and conenmembership values of i re-
spectively.

(2) There is a one-to-one correspondence between any two left (right) cosets of the intu-
itionistic fuzzy subhypergroup (5, F).

(3) There is a one-fo-one correspondence between the family of left cosets and the family
of right cosets of the intuitionistic fuzzy subhypergroup (S, F).

(4) Any two lift cosets (right cosets) of the intuitionistic fuzzy subhypergroup (5, F) are

cither wdentical or disjoint.

Proof 2 In the same manner of the associative fuzzy subhypergroup, we will prove this
theorem as follows

(1) Let ({h}, I, 1) be any intuitionistic fuzzy element in (z,1,1)S, then ({k},1,,In) =
(2,1, 1)(y,3,,5,) for some y € 8,. If (=, 5,,5.) is an arbitrary element of 5 then

(x [ 1)z 8,.5) = {'T'.L”{{y 3_,139}{ s g1 s y1)) (2:8,.5:)
(0 1)850) (0715, 1:5,1) (21 8,:52)
e (b1, T4)5.

h?

(2) Let (x,I,1)5 and (y, I, 1) be any two left cosets of the intuitionistic fuzzy hypergroup
&. Then

(z,1.0) § (2, LI)E (2, 8,5 ) & (3, L) E(z, 5., 5:)

Thus (zr, I, 1)z, 5,,5:) « (9.1, 1)z 5,.5;) is the required one-to-one correspondence be-
tween (r, I IS *md (y,1,1)S. For the nght cosets we use the same arrangement.
(3) Let {(x,[,1)S : x € H} and {S(x,I.T) : r € H} denote the family of left and right
cosets respectively of the intuitionistic fuzzy hypergroup S. Then the required one-to-one
correspondence is defined by

(x,1,1)S ¢ 8(z,1,1),
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(4) Let (x, [, 1)8 and (y, I, I)5 be any two intersecting left cosets of the intuitionistic fuzzy
subhypergroup §. Then there exists o, 3 € 5, such that

(2,1, 1)@, 50,5a) = (31, 1)(5,85,55).

Choose any intuitionistic fuzzy element [:E,I A)z5,.5,) € (z,1.1)S. Then

(z,1,1) ((o, 5, .Ec,;l{ﬂ_!,ﬁn_hju-t]} (2,8,,5:)
(1.0 30,50 (071 850125, 5)
L0 5 (0 s s 5)

(3,1, 1) ((8,35,35) (@™ ’-.ﬁn-u-.-‘-*n—d) (2 8::5:) € (3, 1L 1)S.

That is (x,I,I)5 C (y,I,1)8. Similarly we can show that (y,[,1)8 C (z,1,1)5. Similarly
we can show the same result for the right cosets of § which proves (4).

(2, 1.0)(s.5,.5.)

In the following, we have two conditions for the intuitionistic fuzzy normal subhypergroup
as given in the following definition.

Definition 2.14 An intuitionistic fuzzy sublypergroup S of the intuitionistic fuzzy hyper-
group ((H, I, 1), F) is called an intuitionistic fuzzy normal sublypergroup if

(1) § is associative in ((H,I,1), F).
(2) (2, 1.1)5=5(z, 1] forallz € H.

Based on the definition of intuitionistic fuzzy normal subhypergroup in the next theo-
rem, we will introduce a necessary and sufficient condition for intuitionistic fuzzy normal
subliypergroups.
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Theorem 2.15 An intuitionistic fuzzy subhypergroup (S, F) where § = {(z,5,,5,) : ¢ &
Sy} of the intuitionistic fuzzy hypergroup ((H,I.I).E) is an infuitionistic fuzcy normal
sublypergroup 1f and only if

(1) ((S,.1).F).F = (F. fey) 15 0 fuzzy normal subliypergroup of the erdinary hypergroup
(H,F).

) f 18 = (s Foll52) = Foslsesd) £ 2Pz = ZFx for iz € H and
52 €5,

Proof 3 Assume § = {(z,5,.5;) : © € §,} is an intuitionistic fuzzy normal subhyper-

group of {(H.1.1),F). From the correspondence theorem we have ({5,.1),F) is a fuzzy
normal sublypergroup of the ordinary hypergroup (H, F). Using the normality of § we
have (x,1,1)§=8(x,I.1) 1z € H. That is,

{{IFzrLIELE:J'.?::{I*.F:]}: = Sﬂ} = {{.:FI1£:I{§I'I)‘.?II{EI.‘I}} LRE Sﬁ}'

Therefore for every = € S, there exists 2" € §, such that zF: = 'Fz. In other words

m— s

(z. J)F(S,,I) = (8,,1)F(x,1). Hence (5,,1) is a fuzzy normal subhypergroup of the ordi-
nary hypergroup (H, F) which proves (1). (2) follow directly from the definition.
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2.2 Intuitionistic fuzzy normal subhypergroups induced by intu-
itionistic fuzzy subsets

Let {{H.1I,I), F} be an intuitionistic fuzzy hypergroup and let A be an intuitionistic fuzzy
subset of H, such that A induces the intuitionistic fuzzy sublhypergroups H,(A), Hp,(A)
and Hy(A), for these intuitionistic fuzzy subspaces. It was introduced as a generalization
of [20], A induces the intuitionistic fuzzy subgroups (H,(A)F), {Hy(A)F) and (H,(A)F}
of ((H,1.1),F) if

(1) {{4,.1),F),F=(F, [zy) 15 a fuzzy subhypergroup of (H, F),

(2) forall r,y e A,

£, (), Aly) = A(zFy), [o, (Alz), Aly) = A(zFy),

=TIl

For the intuitionistic fuzzy subspaces, which are induced by intuitionistic fuzzy subsets,
the results of intuitionistic fuzzy subhypergroups take a special form. We will define the
associativity of the intuitionistic fuzzy subspace induced by intuitionistic fuzzy subsets.

Definition 2.16 The intuitionistic fuzzy subset A is said to be associative in the intuition-
istic fuzzy hypergroup {(H,1, I}, E} if the intuitionistic fuzzy subspace
Hy(A) = {{z. [0, Alz]], [Alz). 1]), Alz) 7 0, Alz) # 1} is associative in {(H, 1), F).

Remark 1 By saving an intuitionistic fuzzy normal sublypergroup we mean an intuition-
istic fuzzy normal subhypergroup based on intuitionistic fuzzy space.

It is easy to show that if the intuitionistic fuzzy subspace Hy,(A) is associative in {(H, I, I), F),
then H,(A) and H,(A) are associative in {(H, I, 1), F), for intuitionistic fuzzy subspaces,

1 —

which are induced by an intuitionistic fuzzy subset A.
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Theorem 2.17 Let A be an intwitionistie fuzzy subsel of H, then the mfuttiontstic fuzzy
subspace Hy, (A), Hy(A) or Hy(A), is an intuitionistic fuzzy normal subfypergroup in the
intuitionistic fuzzy hypergroup {(H, I I), F) iff

(1) {(Aq, 1), 1::}, where F = (F. fry) 15 @ fuzzy normal subhypergroup of (H, F)
(2) forallz € H and 2,2 € A,, if aF: =:'Fr

Ly {11—'1(:” = iz':: {d[:r)1 1} i .f:y (11I(:'” = -?.E-I {E{;r}.‘ 1} H

(3) A is associative in ((H,1,1),F)

b
E)

(4) forall z.y € A,

f,, (@), AW) = Al2Fy). fo, (Az), Aly)) = A(2Fy).

Remark 2 If the ordinary hypergroup (H, F) is an abelian hypergroup, then

(i) the fuzzy hypergroup ((H, I), F) is abelian fuzzy hypergroup.

(i) the intuitionistic fuzzy hypergroup ((H,I,1), F) is abelian intuitionistic fuzzy hyper-
group.

Theorem 2.18 If H,,(A) is an infuitionistic fuzzy normal subliypergroup in {(H.1,1), F},
then the family of cosets:

(x, L )y (A) = {{zFy, ['Dri:y{lrd[y”]r[_:ymrj[y}L 1)y € Ao}

for all z € H of the infuitionistic fuzzy subhypergroup Hy,(A) with respect to the binary
hyperoperation,

(o DV Hi (B D Hia(8) = (2Fy, £, (5 1, T (¢ 1)) Hiol )
= {{:.}..I.. Ij HILL{"I':I'.

is isomorphic to the hypergroup (H, F).
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Remark 3 (1) From Theorem 2, each intuitionistic fuzzy hypergroup ((H,I,1),F) with
the intuitionistic fuzzy binary hyperoperation F = (F, L ”,FIH] is isomorphic to the fuzzy

S E=

hypergroup ((H,1),F), F = (F. f;,). Therefore, if (S, F} is an intuitionistic fuzzy normal
subhypergroup of the intuitionistic fuzzy hypergroup ((H. I, I), F}, then (S, F) is an intu-
itionistic fuzzy normal subliypergroup of fuzzy hypergroup ((H, 1), F).

(2) From Theorem 2, each intuitionistic fuzzy hypergroup ((H, 1.1}, F) with the intuition-
istic fuzzy binary hyperoperation F = (F, f :y-‘-Trlr] is isomorphic to the ordinary hyper-
group (H. F). Therefore, if (5, F) is an intuitionistic fuzzy normal subhypergroup of the
intuitionistic fuzzy hypergroup ((H.I.I), F), then (5, F) is an intuitionistic fuzzy normal
subhiypergroup of ordinary hypergroup (H, F).

(3) By saying a classical fuzzy normal subhypergroup we mean a fuzzy normal subhyper-
group based on Rosenfeld’s approach.

2.3 The relationship between fuzzy normal subhyper
groups and classical fuzzy normal subhypergroups

In this section, we establish relationship between
Intuitionistic fuzzy normal subhypergroups based on
Intuitionistic fuzzy space and the classical intuition- stic
fuzzy normal subhypergroups as follows.
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Let ((H,I,I),E), F = (F, {, f) be uniform intuitionistic fuzzy hypergroup. We assume
that the comembership functions L and the cononmembership functions ?:y are t-norn

functions. If the intuitionistic fuzzy subset 4 induces intuitionistic fuzzy normal subhyper-
groups then we have,

(1) {[Aa 1), f‘} is a fuzzy normal subhypergroup of (H, F).

(2) for all z,y £ A,, we have

AlaFy)=f_ (Alz). Ay)), AlaFy) = f(A(z). A(y).

(3) Alz) = A(z") for all zFz = JFrz € H,z. 2 € A, (1) and (2) lead A to be a
classical intuitionistic fuzzy subliypergroup of (H, F) and (3) can be written as: (4)
A(z) = AlzF:Fr~t),r € H, = € A,, which gives,

AlzFzFz~t) = A(z), 2,2 € H.

Therefore, A is a classical intuitionistic fuzzy normal subhypergroup. We notice that (4)
can, also, be written as

A(zF:) = A(z7'F(zF=)Fz) = A(:F1),

which means that 4 is a classical intuitionistic fuzzy normal subhypergroup. Then for
all intuitionistic fuzzy normal subhypergroup of the uniform intuitionistic fuzzy hypergroup
((H,II),E), E=(Ff , fzy) where | y f 2y 15 a t-norm, is a classical intuitionistic fuzzy
normal sublypergroup.
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In the following theorem, we give the relation between the introduced intuitionistic fuzzy
normal subhypergroup based on intuitionistic fuzzy space and the classical intuitionistic
fuzzy normal subhypergroup.

Theorem 2.19 If (Y, F) is an ordinary normal subhypergroup of the the ondinary hyper-
group (H, F), then for each intuitionistic fuzzy subset A of H with support 4, =Y. There
15 an infuitionistic fuzzy hypergroup {(H, 1), P) such that the induced infuitiomstic fuzzy
subspace H{A), is an intuitionistic fuzzy subhypergroup of ((H, 1,1), F)

1

Proof 4 Assume that (Y, F) is an ordinary normal subhypergroup of the ordinary hyper-
group {H, F}. Let A be an intuitionistic fuzzy subset of H such that A, = Y. It is clear that
(A, F) is an ordinary normal subhypergroup of the ordinary hypergroup (H, F). Now we
define an intuitionistic fuzzy binary hyperoperation on the intuitionistic fuzzy hypergroup
{((H.I,I),P), where Eru“_nflf are given t-norms as follows:

P = (Pp, By} vhere P = Fand Poyfrira) = hoy(flrura) , Poylon,sa) =
fizy(fl81,82) such that Ay # 0 for all z € H,y € A, then

R s k< dy,
e k)= 1—A(rFy)
y ( ]—_[éyi)(k—ily]+iir1’y}, k= Ay

and b, (k) =kifz€ Hy¢ A, andIf AyF1forallr € H ye A, then

14+ A(zFy) (. T
(k) = li- T[L 1), k< Ay,
T AlxFuy)y o, ey
(—-—) k, k> Ay
Ay ’
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If Ay =1, then hy, (k) = k for all k € 1.

It is clear that EIH[T: ), Py, (1, 8) are continuous functions on [ x I for all z,y € H and
E:y(r-‘#} =0iffr=0 or s=0,and p,(rs)=1 if r=1 or s=1 Thenit is easy
to show that ((H,1,]), ) is an intuitionistic fuzzy hypergroup. If H(A) = {H(4);t =

0 or ul or lu}is the induced intuitionistic fuzzy subspace by A of the intuitionistic fuzzy
hypergroup ((H, I, 1), P). then from the definition of E:y-‘ﬁru-‘ we have forallz € Hoy € A,

] —

P, (L) = by, (dy) = AlaFy),

and

ﬁ:y(lrjﬁ'} = Ezy [qy} = ][IFF}:

which implies (H{A), P} is an intuitionistic fuzzy normal subhypergroup of (H, 1), P).

Corollary 2.20 Every classical intuitionistic fuzzy normal subhypergroup A of (H,F) in-
duced an intuitionistic fuzzy normal subhypergroup relative fo some infuitionistie fuzzy hy-
pergroup ((H.I.1), F).

Conclusion

In this paper, we have generalized the study initiated in [27]
about intuitionistic fuzzy normal subgroup to the context of intuition-
istic fuzzy normal subhypergroup based on in- tuitionistic fuzzy space.
A relationship between the introduced intuitionistic fuzzy normal sub-
hypergroup (intuitionistic fuzzy normal Hv -subgroup) based on
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intuition- nistic fuzzy space and the classical intuitionistic fuzzy normal
subhyper -group by Davvaz based on intuitionistic fuzzy universal set
(Atanassove’s approach [7]) is established.
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