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Abstract

The global result of inviscid limit of the Navier-Stokes equations
with datain LBMO spaces and others results are obtained by Bernicot,
Elgindi and Keraani in2016. In the present paper, we extend this result

for the Navier-Stokes stratified systemwith vorticity in the same space
LBMO.
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Introduction
Generalized Boussinesq equations for the incompressible fluid
flows in R? are of the form
0wy, +1,.Vv, —vAv, + Vp, = 0,e,,
(1.1) 0:0, +v,.Vo, — Af,, = 0,
divv, =0, (v,0,)|=0 = (v, o),
Here the vector field v, = (v, v2), v} = vl (x,t),j = 1,2, (x,t) €
R? x [0, 0) Stands for the velocity of the field, and it is assumed to be
divergence-free, the scalar function 6, (x,t) denotes the temperature and
py = py(x,t) is the scalar pressure. The parameter v is the kinematic
viscosity and the vector e, is given by e, = (0,1) .Note that the system
(1.1) concides with the classical incompressible Navier-Stokes equations
when the initial temperature 6, is identically constant. It reads as follows
0wy, +1,.Vv, —vAv, + Vp, =0,
(1.2) divv, =0
Vyle=0 = Vo
The mathematical theory of the incompressible Navier-Stokes
equations (1.2) was initiated by Leray in [10]. He proved the global
existence of a weak global solution of the system (1.2) in the energy
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space by using a compactness method. Nevertheless, the uniqueness of
these solutions is only known for two spatial dimensions. A few decades
later, in [4], Fujita and Kato proved local well-posedness in the critical

Sobolev space H%(]RF’), by using a fixed point argument and taking
advantage of the time decay of the heat semi flow. The global existence
of these solutions is only proved for small initial data and the question for
large data remains an outstanding open problem. For more discussion, we
refer the reader to [8,9,13]. In [2], Bernicot and Keraani extended
Yudovich's result to some class of initial vorticity in a Banach space
which is strictly implicated between L™ and BMO.

Concerning the inviscid limit problem, that is the convergence of
the viscous solutions (v,),~, to the solution of the incompressible Euler
equation, we will restrict ourselves

to the discussion of the following results. In [11], the author proved
that for v, € H® with

5 . . .
§>7; the solutions (v,),so converges in L? norm to the unique

solution v of the Euler system and the rate of convergence is of order v.
By using an elementary interpolation argument we deduce strong
convergence in the Sobolev spaces H*, Va < s.We note that this result is
local in time in space dimension three and global in space dimension two.

Recently, Masmoudi [12] proved strong convergence for the same
space HS of initial data, his proof is based on the use of a cut-off
procedure. We mention that the inviscid limit problem in the context of
axisymmetric flows was studied in [5]. In a recent paper of [1], the
authors proved that the solution v, of the system (1.2) converges to the
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solution v of the Euler system in L? space with initial vorticity in
LP n LBMO, with p € [1,2).

Let us now turn to the Navier-Stokes stratified system (1.1) which
has been intensively studied in recent decades, and for which there have
been proved many results related to the global well-posedness problem.
When the viscosity v equal to zero, we obtain the so-called Euler
stratified system, this system is given by,

0;v+v.Vv+ Vp = fe,,
(1.3) 0:0 +v.V6 — A8 =0,
divv =0, (v,0)|=0 = (vo,0),

In space dimension three, the inviscid limit was proved for
example in [7], and [14]. In [15],

Samira A. Sulaiman proved a global well-posedness result of the
system (1.3) with

a bounded vorticity in the LBMO spaces. We mention also the
paper of Samira A. Sulaiman [16], that we have proved similar result but
with any function depend only on the temperature.

In this paper, we extend the result of [1] to the Navier-Stokes
stratified system. The main result of this paper is the following.

Theorem 1.1. Assume p € [1,2). Let v, €L*(R?) be a
divergence-free vector field of vorticity wy, € LP N LBMO and let
0, € L? n L' a real valued function. Let (v,,8,) resp. (v, 8) the solution
of the system (1.1) resp. the system (1.3). Then there exists a constant
C = C(vy, 0,), such that for all t € [0, T], we have

vy (&) = vl 2w2) + 116y () = 0Ol 2 w2y

1
< (Cov t log(1 + t))2P=e )
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Remark 1.2. In [15], we proved the global existence and
uniqueness for 2D Euler stratified

system with wy, € LP n LBMO. The additional assumptions
vy € L(R?) and 8, € L?(R?) are easily propagated and we get (v,0) €
L®L2(R?) x L°L?(R?).

Remark 1.3. From the proof, the rate of convergence in the L2

space is of order % att = 0.

2. Some useful lemma

In this preliminary section, we introduce some basic notations and
recall the definition of

the LBMO space. We gives also some important results that will be
used later.

e \We denote by C any positive constant than will change from line to
line and C, a real positive constant depending on the size of the
initial data.

We will use the following notations:

e For any positive constants A And B, the notation A < B means that
there exists a positive constant C such that A < CB.

e For all set D c R? and every integrable function f, we define
Avgp(f) by the relation :

1
Avgo () = 7o ] F()dx.
D

We recall the functional space LBMO, introduced in [2] and [3].
Definition 2.1 The space BMO(R%) of bounded mean oscillations
is the set of locally integrable functions f such that :
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Ifllsmo: = suppAvgslf — Avgp(f)| < oo,
where B is a ball in R? with sup B > 0.

Definition 2.2. The LBMO norm is defined by
|Avgc(f) — Avgp(f)!

1—lInr,
1+ in (—1 — lan)

where the supremum is taken over all pairs of balls B and C in R?
with 0 < rz < 1and 2C c B.
The following interpolation lemma will be used in the paper, see

lflzemo = lIfllmo + supsc

[1].

Lemma 2.1. There exists a constant C > 0 such that for every
smooth function f and for

every p € [2, +oo[ the following estimate holds

| fllee < Collfll2nBMmo-

We will need also to the following lemma see [3].

Lemma 2.2. (Osgood Lemma) Let p be a measurable function
from [t,, T] to [0, a],y

a locally integrable function from [t,, T] to R, and u a continuous
and nondecreasing

function from [0, a] to R,. Assume that, for some nonnegative no
decreasing continuous

c, the function p satisfies
t

p@ e + [ YOu(p()dr

to

Then
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~2(p() + M(e(®) < [ vedr,
to
with

a

1
M(X) = fmdl’

X
The following proposition will be useful later, see [5] for a proof.

Proposition 2.1. Let (w, 8) be a smooth solution of the following
system

diw +v.Vw + Vp = 040,
(2.1) ;0 +v.V — A6 =0,
divv =0, (w;9)|t=0 = (wo»go):

Let also 8, € L' N LP and w, € L2 N LP with 2 < p < . Then for
t € R,, we have

2
2__
lox(®lle + IVl ap < Colog” (1 +1).

3. Proof of Theorem 1.1
Taking the L? inner product of the first equation of (1.1) with v,
and using the Holder inequality, we get

t
o, (O)11Z + 2v j 1V, @2dr < llvollZ + 18]l 21wl 3.2
0

On the other hand, we have
v, (ONI7 < llv, (Ol + ZVIIVvvllf%Lz < [lwollZ + 180l 2llvyll 212

2 2 2
< [vol1% + C 16,117 + Cllwy 17,2,
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where we have used the well-known Young inequality : For any a
2 2
and b, we have (ab < a? + b?). Thus
t
11252 = ([ I @2 d)?
0

< (2wl 2.2)?

t
2 2
< tln s < ¢ [ I @
0

This gives that,

t
oy (D% < Co + C ¢ j oy (@)%,
0

where C, depend only on ||v,]|,z and ||, || 2. Gronwall's inequality
gives that
Iy (DI < Coeot”.
The vorticity w, = 0,12 — 3,1} satisfies the equation,

oiw, +1,.Vw, —v Aw, = 0,0,,
(3.1) d2:0, +1v,.Vo, — A6, =0,
divv, =0, (w,, vv)lt:O = (wq, B9),

Then the L? estimate of w,, yields that

t
oy Ol < llwollz + f 10,6, (D)l 2,
0

< llwoll 2 + IVEy I 2.
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It remain then to estimate ||V6,||,1,2. For this purpose, we take the
scalar product of the second equation of (3.1) with 6, in L? space. Then
the incompressibility condition div v, leads to the following energy
estimate :

1d ) 5
S 7 10vOll 1z +11VE, (Ol 2 = 0.
Then
d ) )
2 16O}z + 211V6, (O l;2 = 0.
Integrating in time this last differential equation, we get
16, (1l 2 + 211V6, 23,2 = 1165l 32
Therefore,
V6, 17,2 S 6ol 72
This implies that
VOl 12 < 66l 1
This gives that
(3.2) llwy (Ol 2 < llwollz + 166l 2
Now, let V,:=v,—v, 0,:=6,—6, P:=p,—p and Q, :=
w, — w, Where w,, is the vorticity of v, and w is the vorticity of v then

we obtain the equations,
oV, +v,.VV, —vAV, + VP, = =V,.Vv + vAv + 0,e,,
(3.3) 0;0, +v,.Vo, — AO, = -V, V6,
div, =0, (1,0,)]=0 =0,
Taking the inner product of the first equation of (3.3) with V, gives
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1d

> @I +IT% @11

<|<WV.Vv,V, >|+v|<Av,V, >|+|<0,,V, >|
Then we have,

1d
EEIIVv(t)IIfz < <Ko,V >+ v IVl IVl 2 + 10511211V 1] 2

(3.4) =1+ 11 +11I.
For the second estimate 1/, we have from (3.2) and Proposition 2.1,
(3.5) II < vlwllz(lwyllz + llwll2) < vColog(l +¢).

For the first estimate I, we use the H\"older inequality and the
continuity of the Riesz transform, to get with r > 2 that

I < j 19060 V(60 Pdx < 100116 e,
R

Using Lemma 2.1, we obtain

By L? — continuity of Riez operator on L> n BMO and Theorem
1.1in[15],, we get

I <7 Coe o[V, (0)] .

We use now Holder inequality and Biot-Savart law, we obtain
2 2
— 2__
IV, (Ol F2rs S IVl 2"
2

2

S 1O, I T
2 2 2
S (lwyllppa: + llollpa)T VT
Since w and w,, are uniformly bounded on LP N L3,p € [1,2),
then we get to
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2
2—
(36) [T CoeSt Il

For the last estimate III we first estimate ||®,]|,z For this, we
apply the maximum principle to the second equation of (3.3) we get

t
10,1l < j IV, VO (D)l 2
0

< IV Ml 2 IVO1] 12

(3.7) < Co log? (1 + OV, ll o 2,
where we have used Proposition 2.1. Thus we get

(3.8) 11 < Cylog?(1 + t)||Vv||igoLz
Plugging together (3.5), (3.6)and (3.8) into (3.4), we find

d 2 Cot 2-2 2 2
3.9 ZIWllpz < Coviog(1+6) + Co( 1 e Wl w2 +10g* (1 + OlW Il ,2 )

We take f,(t) = ”Vv”i%oL2 and define the maximal time T, as

T, = max{t < T, supreo,afy (1) < e‘z},
with T, <T Then for every t€]0,T,[, we can take r =
—log(f,, (t)) to obtain

RO S Cov Log(1+ 1) + Gyl e, (DI0B( (D) + £, (Dlog* (1 + 1)
< Covlog(l+1t) + Co(log(l + t) — e f, (D)log(f, (D).

Integrating in time , we get

f,() < Cyvtlog(l+t)+C, f (log(1 + 1) — €%, (Dlog(f, (t))dr.
0

We assume that Cyvtlog(l+t) <1 and applying now Osgood
Lemma 2.2, we find forevery t < T,
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—log(log(f,(t)) + log(—log(Cov t Log(1+1)))
<1-—e%t+2¢tlog(l+1t).
This yields forall t < T,, that
f,@®) < (Cov t Log(1+1))

If we assume that (Covt Log(l+1t))
T, = T. This gives finally

exp(1—eCot)

exp(1—eCot
o ) < e % we get

f, () < (Cov t log(1l+ t))eXp(l_eCOt), vtel0,T],

Wlth CO = CO(”('UO”LpﬂLBMO)' Therefore,

1exp(l—eCOt)
IVl o2 < (Covt Log(l+1))? ,  Vte[o,T].

This gives in (3.7) that,
1

= _,Cpot
IVllgerz + 10y llpger2 < (Covt Log(1+ t))zexp(1 D v

€ [0,T].
This completes the proof.

Conclusion
We have proved in space dimension two, the inviscid limit of the
Euler stratified system with initial vorticity w, in the LBMO space .
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