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Abstract 

The global result of inviscid limit of the Navier-Stokes equations 

with datain      spaces and others results are obtained by Bernicot, 

Elgindi and Keraani in2016. In the present paper, we extend this result 

for the Navier-Stokes stratified systemwith vorticity in the same space 

LBMO.  
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         الملخص
                                                                     نظريةةةج د ةةةدد د د دلنيةةةج  ةةةي  سةةةسدلم نةةةسرير بةةةلإدضغ ط ةةةس    يةةةر  س ةةةي ط ن ةةة س   ةةة  

                                                   ند شةةم  دلبةة ج لطسظ ةةس   يرنيضةةد د لط نةةد  د ضيرلنةة  بةةنج                                   شةةرد  ل لإدل يةةج رةة  ر ةةس  
                                                                             .  ر  هذل لط  ث بدف ندب   فهدم هةذ  لطنظريةج ط سةسدلم نةسرير بةلإدضغ بةلإرللإيفسيد رة      6102
  .               لطف س  

Introduction 

Generalized Boussinesq equations for the incompressible fluid 

flows in    are of the form 

                           {

                          
                  

                    |            
 

Here the vector field       
    

     
 
   

                   

         Stands for the velocity of the field, and it is assumed to be 

divergence-free, the scalar function         denotes the temperature and 

            is the scalar pressure. The parameter   is the kinematic 

viscosity and the vector    is given by          .Note that the system 

      concides with the classical incompressible Navier-Stokes equations 

when the initial temperature    is identically constant. It reads as follows  

                          {

                       
        

  |      

 

The mathematical theory of the incompressible Navier-Stokes 

equations       was initiated by Leray in     . He proved the global 

existence of a weak global solution of the system       in the energy 
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space by using a compactness method. Nevertheless, the uniqueness of 

these solutions is only known for two spatial dimensions. A few decades 

later, in      Fujita and Kato proved local well-posedness in the critical 

Sobolev space  
 

 
̇
    , by using a fixed point argument and taking 

advantage of the time decay of the heat semi flow. The global existence 

of these solutions is only proved for small initial data and the question for 

large data remains an outstanding open problem. For more discussion, we 

refer the reader to           In      Bernicot and Keraani extended 

Yudovich's result to some class of initial vorticity in a Banach space 

which is strictly implicated between    and      

Concerning the inviscid limit problem, that is the convergence of 

the viscous solutions         to the solution of the incompressible Euler 

equation, we will restrict ourselves 

to the discussion of the following results. In [11], the author proved 

that for       with 

  
 

 
; the solutions         converges in    norm to the unique 

solution   of the Euler system and the rate of convergence is of order  . 

By using an elementary interpolation argument we deduce strong 

convergence in the Sobolev spaces        .We note that this result is 

local in time in space dimension three and global in space dimension two. 

Recently, Masmoudi      proved strong convergence for the same 

space    of initial data, his proof is based on the use of a cut-off 

procedure. We mention that the inviscid limit problem in the context of 

axisymmetric flows was studied in    . In a recent paper of      the 

authors proved that the solution    of the system       converges to the 
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solution   of  the Euler system in    space with initial vorticity in 

         with        .  

Let us now turn to the Navier-Stokes stratified system       which 

has been intensively studied in recent decades, and for which there have 

been proved many results related to the global well-posedness problem. 

When the viscosity   equal to zero, we obtain the so-called Euler 

stratified system, this system is given by, 

                           {

                
              

                 |            
 

In space dimension three, the inviscid limit was proved for 

example in      and     . In     ,   

Samira A. Sulaiman proved  a global well-posedness result of the 

system        with 

a bounded vorticity in the LBMO spaces. We mention also the 

paper of  Samira A. Sulaiman [16], that we have proved similar result but 

with any function depend only on the temperature. 

In this paper, we extend the result of     to the Navier-Stokes 

stratified system. The main result of this paper is the following. 

Theorem 1.1. Assume        . Let            be a 

divergence-free vector field of vorticity            and let  

         a real valued function. Let         resp.       the solution 

of the system       resp. the system      . Then there exists a constant 

            such that for all        , we have 

‖          ‖       ‖          ‖      
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Remark 1.2. In     , we proved the global existence and 

uniqueness for    Euler stratified 

system with           . The additional assumptions 

          and           are easily propagated and we get       

                 . 

Remark 1.3. From the proof, the rate of convergence in the    

space is of order 
 

 
 at      

2. Some useful lemma 

In this preliminary section, we introduce some basic notations and     

recall the definition of 

the      space. We gives also some important results that will be 

used later. 

 We denote by   any positive constant than will change from line to 

line and    a real positive constant depending on the size of the 

initial data.  

We will use the following notations: 

 For any positive constants   And  , the notation      means that 

there exists a positive constant   such that     . 

 For all set       and every integrable function  , we define 

        by the relation :  

        
 

| |
∫        

 

 

We recall the functional space     , introduced in     and    . 

Definition 2.1 The space         of bounded mean oscillations 

is the set of locally integrable functions   such that : 
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‖ ‖             |         |     

where   is a ball in    with         

Definition 2.2. The      norm is defined by 

‖ ‖     ‖ ‖          

|               |

    (
      
      

)
 

where the supremum is taken over all pairs of balls   and   in    

with        and       

The following interpolation lemma will be used in the paper, see 

   . 

Lemma 2.1. There exists a constant     such that for every 

smooth function   and for 

every          the following estimate holds 

‖   ‖     ‖ ‖        

We will need also to the following lemma see [3]. 

Lemma 2.2. (Osgood Lemma) Let   be a measurable function 

from        to         

a locally integrable function from         to    and   a continuous 

and nondecreasing 

function from       to   . Assume that, for some nonnegative no 

decreasing continuous 

 , the function   satisfies 

          ∫     (    )  

 

  

  

 

Then 
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  (    )          ∫      

 

  

  

with 

     ∫
 

    
  

 

 

  

The following proposition will be useful later, see     for a proof. 

Proposition 2. .1  Let       be a smooth solution of the following 

system 

                          {

                
              

                 |            
 

Let also          and          with        Then for 

    , we have 

‖    ‖   ‖  ‖  
          

  
 
        

3. Proof of Theorem 1.1 

Taking the    inner product of the first equation of        with      

and using the Holder inequality, we get 

‖     ‖  
    ∫‖      ‖  

    ‖  ‖  
  ‖  ‖  ‖  ‖  

    

 

 

 

On the other hand, we have 

‖     ‖  
  ‖     ‖  

    ‖   ‖  
   

  ‖  ‖  
  ‖  ‖  ‖  ‖  

    

                                       ‖  ‖  
    ‖  ‖  

   ‖  ‖  
   

   



Inviscid Limit of the 2d Euler-Stratified Systems _________________________ 

University Bulletin – ISSUE No.24- Vol. (2) – June - 2022. 178 

 

where we have used the well-known Young inequality : For any   

and  , we have     
  

 
 

  

 
 . Thus  

‖  ‖  
   

   ∫‖     ‖  

 

 

     

                                               ⁄ ‖  ‖  
      

  

  ‖  ‖  
   

   ∫‖     ‖  
    

 

 

 

This gives that, 

‖     ‖  
         ∫‖     ‖  

    

 

 

 

where    depend only on ‖  ‖   and ‖  ‖  . Gronwall's inequality 

gives that 

‖     ‖  
     

    
  

The vorticity        
      

  satisfies the equation, 

                          {

                       
                  

                    |            
 

Then the    estimate of     yields that 

‖     ‖   ‖  ‖   ∫‖       ‖     

 

 

 

                                                              ‖  ‖   ‖   ‖  
     



 Samira Sulaiman & Wedad  Frishk             ــــــــــــ   ـــ ـ                        ــــــــــــــــــــــــ                  ــــــــــــــــــ                          ــــــــــــــــــــــــــ        ــــــــ

University Bulletin – ISSUE No.24- Vol. (2) – June - 2022. 179 

 

It remain then to estimate ‖   ‖  
   .  For this purpose, we take the 

scalar product of the second equation of        with    in    space. Then 

the incompressibility condition        leads to the following energy 

estimate : 

 

 

 

  
‖     ‖   

 
 ‖      ‖  

      

Then  

 

  
‖     ‖   

 
  ‖      ‖  

     

Integrating in time this last differential equation, we get  

‖     ‖   
 

  ‖   ‖  
   

  ‖  ‖   
 

  

Therefore, 

‖   ‖  
   

  ‖  ‖   
 

  

This implies that  

‖   ‖  
    ‖  ‖    

This gives that 

                        ‖     ‖   ‖  ‖   ‖  ‖     

Now, let                             and     

        where    is the vorticity of    and    is the vorticity of    then 

we obtain the equations, 

         {

                                     
                                            

                    |      
   

Taking the inner product of the first equation of       with    gives 
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‖     ‖  

   ‖      ‖  
 

 |          |   |       |  |       | 

Then we have, 

 

 

 

  
‖     ‖  

  |          |    ‖  ‖  ‖   ‖   ‖  ‖  ‖  ‖   

                                                

For the second estimate     we have from       and Proposition 2.1, 

                       ‖ ‖   ‖  ‖   ‖ ‖                 

For the first estimate  , we use the H\"older inequality and the 

continuity of the Riesz transform, to get with     that 

  ∫ |       | |       |   
  

 ‖  ‖  ‖  ‖    
  

Using Lemma 2.1, we obtain 

     ‖  ‖      ‖  ‖    
   

By     continuity of Riez operator on        and Theorem 

1.1 in      , we get 

       
   ‖     ‖    

   

We use now Holder inequality and Biot-Savart law, we obtain 

‖     ‖    
  ‖  ‖  

 
 ‖  ‖  

  
 
  

 ‖  ‖     

 
 ‖  ‖  

  
 
  

   ‖  ‖      ‖ ‖      
 
 ‖  ‖  

  
 
   

Since   and     are uniformly bounded on                 

then we get to 
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   ‖  ‖  

  
 
   

For the last estimate     we first estimate  ‖  ‖   For this, we 

apply the maximum principle to the second equation of        we get 

‖  ‖   ∫‖        ‖    

 

 

 

 ‖  ‖  
   ‖  ‖  

    

                                   ‖  ‖  
     

where we have used Proposition 2.1 . Thus we get  

                              ‖  ‖  
   

  

Plugging together      ,      and        into       , we find 

           
 

  
‖  ‖  

   
                  (      ‖  ‖  

   

  
 
           ‖  ‖  

   
 )  

We take        ‖  ‖  
   

   and define the maximal time     as 

      {                       }  

with      Then for every            we can take    

             to obtain 

 
 

  
                      (                                     ) 

                 (                               )  

Integrating in time , we get 

                        ∫(                               )   

 

 

 

We assume that                    and applying now Osgood 

Lemma 2.2, we find for every       
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         (     )     (    (                ))

                     

This yields for all        that 

      (                 )
   (      )

  

If we assume that  (                )
   (      )

    , we get  

    . This gives finally  

      (                )
   (      )

                  

with        ‖  ‖          Therefore, 

‖  ‖  
    (                )

 
 
   (      )

                    

This gives in        that, 

‖  ‖  
    ‖  ‖  

    (                )
 
 
   (      )

            

        

This completes the proof. 

Conclusion 

We have proved in space dimension two, the inviscid limit of  the 

Euler stratified system with initial vorticity    in the      space .  
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