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ABSTRACT

In this paper, we study the inviscid limit for tNeavier-Stokes stratified system in space dimensian
with a real valued functiof depend only on the temperatéePrecisely we prove the weakly

convergence in the spat®g.(R,, L? x L?)of the viscous solution@,, 8,),-, to the solutior(v, §) of
the Euler stratified system as- 0.
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Weakly convergenceof the 2D Navier-Stokes stratified system

1. INTRODUCTION
The Navier-Stokes stratified system for the incoespible fluid flows inR? is of the form

d:vy +1,. Vv, —vAv, + Vp, = F(6,)e,,
2.0, +v,.Vo, — A6, = 0, (1.1)
divv, =0, (v,6,)|=0= (v, 6).

Here the vector fielt, = (v}, v2),v) = vl (x,t),j = 1,2, (x,t) € R? x [0, ») Stands for the velocity of
the field, and it is assumed to be divergence-frae differential operataw,.V is defined by :

d
V= J 3.
n.V= ) v,.0;.
j=1

The scalar functiod, (x, t) denotes the temperature gnd= p, (x,t) is the scalar pressure. The
parametep is the kinematic viscosity, the vectyris given bye, = (0,1) and the functior¥ is a real
valued function such that(0) = 0. The operatodiv v, is defined as

d
divy, = Z aj%.
j=1

Note that the systeifl.1) coincides with the classical incompressible Na@trkes equations when the
initial temperaturd, is identically zero. It reads as follows :
dvy, +1,.Vy, —vAp, + Vp, = 0,
divv, =0 (1.2)

Vyle=0 = Vo

The mathematical theory of the incompressible NaStekes equation@l.2) was initiated by Leray in
[9]. He proved the global existence of a weak globhit®n of the systenil1.2) in the energy space by
using a compactness method. Nevertheless, theemaéga of these solutions is only known for two
spatial dimensions. A few decades latel|,7ihFujita and Kato proved local well-posedness indtikcal

1
Sobolev spac#éz(RR3), by using a fixed point argument and taking adagetof the time decay of the
heat semi flow. The global existence of these swigtis only proved for small initial data and the
guestion for large data remains an outstanding ppaislem. In [3], Bernicot and Keraani extended
Yudovich's result to some class of initial vortycih a Banach space which is strictly implicated
betwee™ and the space of bounded mean oscillations fum&tiOther results about this system are
obtained.
Note that now ifF(8,) = 6, e,, then the syster(il.1) reduces to the system

oivy, +v,.Vu, —vAp, + Vp, =0, e,,
0.0, +v,.Vo, — A6, = 0, (1.3)
divv, =0, (v,6,)]i=0 = (vo,60),

The global well-posedness for this system was study numerous authors and in a different functiona
spaces anthe technic utilized to prove this result is to tise criterion of Beal-Kato and Majdaliti]. We
mention that the paper §13], where the author was studied the same resulobtihé systenf1.1) in

the case where = 0 andF(6) = (0,6).
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Concerning the inviscid limit problem, that is #t@nvergence of the viscous solutiqmws, 6,,),-, to the
solution of the incompressible Euler equation, eferthe reader t[6,8,10,12].

Now, we turn to the systefrl.1), when the viscosityequal to zero, we obtain the so-called Euler
stratified system, this system is given by,

0:v +v.Vv 4+ Vp = F(0)e,,
9,0 +v.V9 — A9 = 0, (1.4)
divv=0, (v,0)|i= = (vy,6),

The global well-posedness result for the sysfém) was proved by Samira A. Sulaiman

in[11]. In this paper, we prove that the viscous sotufig, 6,),-, of the incompressible Navier-
Stokes stratified systefi1.1) is weakly converges to the solutiom 6) of the incompressible Euler
system(1.4). The main result of this paper is the following.

Theorem 1.1. Let v, € L?(R?) be a divergence-free vector field ofvorticity withw, € L? and let

0, € L? n L* a real valued function. Let algoe C1(R, R?) such that# (0) = 0. Suppose also that

(v, 6,) respectively(v, 8)are the solutions of the syst€m1) and the systeril.4) respectively. Then
there exists a constafitdepend only offiv, ||,z and||6,]|,2,. such that for alt € [0, ), we have when
v = 0, that

lvy, () — vl 2 w2y + 116, (&) — OOl 22y — O

Remark 1.1. From the proof, we can conclude that
IF(6,) = F(O)l 02 < Vv Colog® (1 +1t) f(8),
wheref (t) is a function depend only anThis gives also that
IF(6,) — F(O) |l o2 = Oasy — 0.
2. SOME USEFUL LEMMA

In this preliminary section, we introduce some basitations and recall the definition of
Besov space. We gives also some important resadtsatll be used later. We will use the following

notations :

* We denote by any positive constant that will change from lindihe andC, a real positive
constant depending on the size of the initial data.

» For any positive constanfsndB, the notationA < B means that there exists a positive constant
C such thaiA < CB.

Definition 2.1 (Schwartz spaceé)e say that a functiofi in the Schwartz spacif f € C°(R%) and for allx

andN there exist a constady; , such that

07 ()] < —
@+ [xD=N

To define Besov space, we need to define the dyltiomposition of the full spa®# and to recall the

Littlewood-Paley operators, see for example [2TBre exist two nonnegative radial functigne D(R?) and

¢ € D(R?/{0}) such that :
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XO+) 9@ =1, WEER,

q=0

D (279 = 1,v§ e R/{0},

qEL
lp—ql=2=suppp27P.) N supp (27%.) = ¢,
qg=1=supp y N supp p(279.) = ¢.
Leth = F lpandh = F~1y, the inhomogeneous frequency localization opesdtpands, are defined by :
Af =9@7ID)f,  Yg=0.  S.f =x(27D)f
A_if =Sof, Agf =0 forq<-2.
The homogeneous operators are defined as follows
Vg €L, Af =@(279D)f,
We recall now the definition of Besov spaces|[3&¢.
Definition 2.2 (Besov spacd)ets € R and1 < p,r < oo. The inhomogeneous Besov sp@ge defined by :
Bsr = {f € SR?):Ifllgg, < oo},
WhereS is the Schwartz space and

Ifllsg, = (2201801l 5),,

The homogeneous norm :
1 llgg, = (2q5||A'qf||Lp)lr.
We will need to the following proposition which soof can be found if8].
Proposition 2.1. Let (w, 8) be a smooth solution of the following system
at(l) + v. V(L) + Vp = 619,
0.0 +v.Vg — A6 = 0,
divv = 0, ((l), 9)|t=0 = ((l)o, 00)

Let alsof, € L' N LP andw, € L? N LP with 2 < p < . Then fort € R,, we have
2
2__
lo®lle + VOl e < Colog™ P(1 +1).

The proof of the following theorem can be foundli2].

Theorem 2.1 Let F € C!s1*2 with F(0) = Oands € [0, ©]. Assume thafl € B3, N L™with (p,7) € [1, ]2,
thenF o 6 € B, ,. and satisfying :

IF 2 Ollgs, < Cosubpi<ciolel|F (0| o 161l53,,-
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The following result is called as Gronwall's lemniduis lemma is very useful and well-known in thelgsis, see
[2] for a proof.
Lemma 2.1 (Gronwall's lemma)

Let f is a nonnegative continuous function[Ont], b is a real number and l&® be a continuous function ¢, t].

Suppose also that :
t

f®)<hb +fB(T)f(T)dT.

0
Then we have :
t

f(t) <bexp fB(T)d‘L’ .
0
3. PROOF OF THEOREM 1.1
To prove our main result Theorem 1.1, we first préwe following.
Proposition 3.1 Let(w,, 6,),v = 0 be a smooth solution of the system
dcwy + vy Vo, —vAw, = 0,(F,(6,)) — 0;(F1(6,)),

2.6, +v,.V6, — A9, =0, (3.1)
divv, =0, (wy,60,)lt=0 = (wo,89).

Suppose also thab, € L?, and 6, € L? n L*.LetF be a real valued function such tifa€ (R, R?), and
F(0) = 0. Then we have
lwy(Oll2 < llwollz + 6ol 2.
Proof :From the first equation B.1), we have for eveny = 0,
0wy + 0.V, — vAw, = 9,(F;(6,)) — 0,(F1(6,))
= F'z (6,)0:6, — F1(9v)029v-
Taking theL? norm and applying Holder inequality, we get :

2

nmwwsmmm+ZjW%&®MAwmwwh (3.2)

i=1 R2

Now, since :
|£ 2 00| o0 = sUPxc|E(O(x, )],

then usinghe embeddin@?, ., © B ., © L and Theorem 2.1, we get :
£ 0 8(O)|| 0 < sUPIscloN, 00| F ()]
< SUP|x|=)yll,0 | FL () |-

AsF € (1(R,R?),6, € L? n L®and applying Theorem 2.1,yields :
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1 2 0O =0 < supp1<ii041,00 I VFill o < C.
This gives in(3.2),that :
llwy (Ol 2 < llwoll 2 + CNVO, Il 1,2 (3.3)

It remains then to estimaﬂ@HVllL%Lz. For this purpose, we take the scalar product osdwmend equation @B.1)
with 8in L?space. Then the incompressibility conditibiv v, = 0 leads to the following energy estimate :

1d ) ,
Sz 16Ol 12 + V8,72 = 0.
Then :

d 2 5
2 16Ol 2 + 2[IV8, ) l}> = 0.
Integrating in time, we get :
10,1 72+ 2196, 17,2 = 1160l 2.

Therefore,
V6172 < 1160l 72
This implies that :
VOl 22 < 1166l p2.
Also
16, ()2 < 1166l 2 (3.4)

This gives in(3.3) forv = Othat :

llwy (Ol 2 < llwollz + 1166l 2

Proposition 3.2

Let v, € L%, and 8, € L? n L®.Let alsd be a real valued function such tifa€ (1(R,R?), andF(0) = 0. Then
we have

v, (O)ll2 < Coe
where’,, depend only on? norm of v, and L? n L norm of 6.
Proof :
Taking theL?inner product of the first equation of (1.1) with and using Holder inequality, we get

1d
Eallvv(t)llfz + VIV, (Ol < IF@) |2 llvy (D)l2
This gives that,

1d

> IO < IF@) 12l Ol

Using now the inequalityyb < a?z + b?z, for anya andb, we find
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1d

SOl < CIF@)IE +Cllv O (35)

To estimatd|F(6,)]|,z, we use Taylor formula witf(0) = 0, then

1
F(6,) = evjﬁ(r 6,)drt
0

This gives that,

1
IF@)1Lz < 10,1z [ 172 0] e
0

Now, since :
£ 8] 0 < supixiscion, | F (],

< SUD|xlsclfyll o | F ()|
AsF € C1(R,R?),6, € L? n L*and applying Theorem 2.1,yields :
[F (T 0)]],00 < suppri<iiol e [F ()| < C.
Therefore, we obtain

IF@)l2 < Cli6yll2 < Cllll 2,

where we have usd@.4). Putting now the above inequality (B.5), we get

1d 2 2 2
S I Ol < Cliggll?: + Cllv @1

Integrating in time the above inequality, we find

t
vy (D172 < Clivollzz + CllOolI72t + Cfllvv(f)llfzdf
0

Using Lemma 2.1 of Gronwall, we get

Therefore

vy (©)l2 < Coe .

Proposition 3.3

Under the same hypothesis of the previous propositive have

v, (&) — vl + 116, () — 6 (O)l;2 < Vv Co g(E) eV,

withg is a function depend explicitly only an
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Proof : letV, = v, — v, 0, =6, — 6, andll, = p, —p. Then we have
oV, +v,.VV, + V.. Vv —vAV, + VII, = vAv + (F(6,) — F(6))e,,
0:0, +1,.VO, — A0, = -1, V0, (3.6)
div Vv = 0, (Vv' G)1/)|t=0 = 0,

Taking theL?inner product of the first equation of (3.6) withand using Holder inequality, we get

1d 2
EaIIVv(t)Ilfz + V”VVv(t)”Lz < VIVl 2V, Il 2 + IVl 211G, (O N2 + [IF8,) — FO)l 211V, |l 2

Therefore, we have

1d
EEIIVv(t)IIiz < VIVl 21V, |l 2 + IVl 211G, (O N2 + IF8,) — F@O 21V, (@)l 2
Thus,
1d )
Ealle(t)lle <I+I1+1I (3.7)

For the first term, we have
I =v|[Voll VWl 2 < vilwll z(llw,ll 2 + llwll2)
Using now Proposition 3.1, we get
I <v(llwoll,2 + 1166l ;2) (3.8)
ForII, we immediate have
11 = IVo@®)ll 2 IV, Ol

< lo®ll211%, @)%

Using now Proposition 3.1 for= 0, we get

11 < (lwoll2 + 1166l )NV, (DI (3.9)

For the last term, we need to estimites,) — F(0)||,2, we use Taylor formula of order 1, we have
1
F(6,) —F(6) = (6, —0) j F(o+1(8,—6))dr.
0
This gives

1
IF(6,) = F@)ll2 < ll6, — o2 f 1£(6 + =6, — 0)]| dr.
0

We write now,
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|66 + 76, — )|, < suDxi)0,11,00 || < C.
Thus, we obtain
IF(6,) = F@ll .z < C ll6, —0ll 2

It remains then to estimali@, — 6||,2. for this we have
t
18,11,z = 116, — 6ll,2 < f 1V, V8 (D)l 2dt < IV, llzo 2196130
0

< Colog® (1 + DIV, Il 2,
where we have used Proposition 2.1. This gives that
IF(6,) — F@)l,2 < C |6, — 6l
< Colog?(1 + DIV, Il 2.
Therefore the last term Ill is estimated by
11 < Cylog?(1 + t)||vv||§goL2 (3.10)
Putting now (3.8), (3.9) and (3.10) into (3.7), fivel

1d

¥ T IV (ONI7 < v(llwoll2 + 1160ll 2) + [Colog? (1 + ) + llwoll,2 + 166l ]IV I oo 2.

Therefore we can write the last inequality as :

1d ) ) )
ST WO < V6o + Colog? (L + OIIV, s

Integrating in time the above inequality, we get to
t

V()12 < v Co t + Co j 10g?(1 + DIV, 12 2.
0

Lemma of Gronwall 2.1, yields to
IV, ()12, < v Co t exp [ Co [y log?(1 + 1) dr].
This gives that
(N2 < v Cofu(®),

where

t

f1(t) == texp Coflogz(l + 1) dt|.

0
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Therefore, we obtain

1V, (Ollzerz < VWV Co £(8),
withf (t): = /f1(t). This gives that

”@v”LfSL2 < Cologz(l + t)”Vv”L?LZ

< WColog*(1 + t)f (0).

Therefore
IF(6,) = FO)|l 212 < VvColog?(1 +t) f(2).
Finally, we get
1V, (O llor2 + 104 (®) |12 < Vv Co g (D),
withg(t) := log?(1 + t)f(t). Putting now - 0, we get
I @Ollz + 18, ()l 2 = 0,
which is the desired result.
4.CONCLUSIONS

We have proved that the solutin,, 6,),-,0f the Navier-Stokes stratified system is wealdgverges
to the solution(v, 8) of the Euler-stratified system in space dimensiem We used in our proof the
Taylor formula at order 1 of the real valued fuoictF.
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