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Abstract

In this paper, we prove the unique global weak solution for the
Euler-stratified system with a vector valued function F €
C1(R, R?) satisfying F(0) = 0, when bounded vorticity in the LBMO
spaces (see Definition 2.5). In this category, we use the approach of [8].
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Incompressible Euler-stratified system with a function

1. Introduction

Euler stratified system for the incompressible fluid flow in R? with
a function F is of the form :

0,v+ v.Vv + Vp = F(6), (x,t) € R? X R,
(1.1) 0:0 +v.V6 — A6 = 0,
divv=0, (v,0)|i=0 = (o,0),

where v =v(x,t), x € R?, te R, with v = (v, v,) is the

velocity vector field. The differential operator v. V is defined by :

d
v.V= z Uiai.
i=1

The scalar pressure p = p(x, t) is defined by :
Ap = —div (v.Vv).

The function F(8) = (F,(0),F,(6)) is a vector valued function
such that F € C*(R, R?) where F(0) = 0 and @ is the scalar temperature
.The second equation of (1.1) is called the Fourier equation models the
phenomenon of conservation and dissipation. It is called also a transport-
diffusion equation. The condition div v = 0 explains that the fluid is
incompressible.

Note that if we take F(8) = fe, , where e, is the vector defined by
e, = (0,1), then the system  (1.1) coincide with the classical
incompressible Euler stratified equations, that is :

0,v+v.Vv+Vp =0e, (xt)€R*XR,
(1.2) 0:0 +v.V6 — A8 =0,
divv=0, (v,0)|i=¢ = (vy,6,),

The system (1.2) is studied by many authors in a different
functional spaces, see [8], where the global weak solution for (1.2) in the
LBMO spaces is proved.
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If the initial temperature @, is identically constant, we obtain the
Euler system given by,
0v+v.Vv+Vp =0,
(1.3) divv =0,
Vle=0 = Vo

The question of local well-posedness of (1.3) with smooth data
was resolved by many authors in different spaces see for instance [5,7].
In this context, the vorticity w = curl v played a fundamental role. In
fact, the well-known BKM criterion [4] ensures that the development of
finite time singularities for these solutions is related by the blow-up of the
L* norm of the vorticity near the maximal time existence. A direct
consequence of this result is the global well-posedness of the two-
dimensional Euler solutions with smooth initial data, since the vorticity
satisfies the equation

Jrw +v.Vw =0,

and then all the LP norms are conserved. The global well posedness
result for the system (1.3), is proved in a different spaces and we focus
on [3], where the authors proved a similar result for system (1.3) in the
LBMO spaces.

We turn to the system (1.2) and note that the global well-
posedness result for this system was solved by many authors and in a
different functional spaces see for instance [9,10].

In this paper, we extend a global well-posedness or (a unique
global weak solution) result for the system (1.1) with a bounded vorticity
in the LBMO spaces and we will use the same approach of [3,8]. Our
main result is the following.

Theorem 1.1 Given F € (1(R, R?), satisfy F(0) = 0. Let v, be a
divergence-free vector field of vorticity w, € L? N LBMO. Let also
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0, € L> N L* a real-valued function. Then there exists a unique global
weak solution (v, 8) for the system (1.1).

Moreover, there exists a constant C, depending only on the

L?> n LBMO norm of w, and the L n L* norm of 8, such that
lo(®) | smonzz < Coe%! (1.4)

Let us now give some remarks about the main idea of the proof of
our theorem.

Remark 1.1 To establish a classical L? —estimate for w equation,
we shall need to estimate the composition F, o 8 in L space. Indeed, the
vorticity for the system (1.1) satisfies the equation

diw + v.Vo = 0,(F,(0)) — 0,(F;(6)),
0:0 +v.V6 — A6 = 0,
(w,8) =0 = (W, Bp).
Taking the L? scalar product, we get successively :

2t
0@z < lwollz + Y [[1fe 0] w70

i=1 0

We use the fact & which is transported by the flow and the
following theorem which treats the action of composition law with
smooth functions in the Besov spaces (see Definition 2.6). It plays a
significant role in the sequel. The proof can be found in [1].

Theorem 1.2 Let F € C5*2 with F(0) =0 and s € [0, ].
Assume that 6 € By, N L with (p,r) € [1,0]* , then F o § € By, and
satisfying :

IF o 6lls, < Cssup|x|<C||9||Loo||F[S]+2(x)||Loo”9“Bglr'

Since F e (*(R,R?), and using this theorem, with the

assumputation 8, € L%, and the embeddings BS, ,, © BS ., © L” we get :
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1£ 2 6]] 0 < suDxi<cl0,]1,00 IVFill o < C.
Therefore we obtain :

t
lw@®)l2 < llwollz + [IVF e fIIVH(T)IIdeT
0

t
< llwollz +C f VO (D)l 2d
0

and
16(O)l,2 + IVE(D)Il2 = N1l -
We use to prove (1.4)a logarithmic estimate in the space L? N
LBMO see Theorem 2 in [3], that we recall it in section 3 (Theorem 3.2 in
this paper).

Remark 1.2
From the proof, we can conclude that
vl < Coe®?, VtER,,
where LL is the space of log-Lipschitz functions see (Definition 2.2).

The paper is organized as follows. In section 2, we give some
definitions and recall some functional spaces. Section 3 is devoted to
recall some properties of the LBMO spaces and in section 4, we prove our
main result (Theorem 1.1).

2. Technical Tools

In this section, we recall some notations and some functional
spaces as a Lebesgue space LP, the space LL of log-Lipschitz functions,
the space BM O of bounded mean oscillations function and LBMO spaces.
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Also we give the definition of Besov space and some results used in the
paper.

2.1 Notation
e We denote by C any positive constant than will change from line to
line and C, a real positive constant depending on the size of

the initial data.

e Forany A and B, we say that A < B, if there exist a constant C > 0
such that A < CB.

e The space Cg’ is the space of all continuous function.

e For all set D c R? and every integrable function f, we define
Avgp(f) by the relation :

1
Avgo () = 75 j f(@)dx.

2.2 Some functional spaces

This section is devoted to recall some functional spaces and gives
the lemma of Gronwall. Also, a result about the flow of the velocity will
be given.

Definition 2.1 we define the usual Lebesgue space LP(R%),p €

[1, + o], by the space of all function f such that :
1

p

Ifllr = j FeolPdx | <o,
R4

and for p = oo, we say that f € L, if
11l = supy|f(x)] < oo.
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Definition 2.2 We define the space LL of log-Lipschitz functions
by the space of the set of bounded vector fields f such that :

lf(x) = fF()
lx — (1 + [log(lx — yDI)
Definition 2.3 For every homeomorphism i, we set :

Yll.: = supya, P> (x) — YOI, |x — D),

”f”LL = SUPo<|x—y|s1

where @ is defined on ]0, o[ X ]0, co[ by :
1+ |Ins| 1+ |Inr| _
d(r,s) = rrlaX{1+|1nr|’1+|1ns|}' JA=s)A-r)=0
(1+|Ins)@ + |Inr]), if (@A-s)(1—-r)<O0.
Since @ is symmetric, then ||®||, = ||y 71|, = 1. It is clear that
every homeomorphism @ satisfies :

Sl =1 < W)~ pO) < Clx -y,
for some a, 8,C > 0 has its [|y]|, finite.
Definition 2.4 The space BMO(R%) of bounded mean oscillations
is the set of locally integrable functions f such that :

|f lsmo: = supgAvgplf — Avgp ()] < o,
where B is a ball in R? with sup B > 0.

Definition 2.5 We say that f € LBMO if and only if
|Avgs, (f) — Avgs, ()]

141 1—Inrg,
+n<1—lnr31>

UflLemo = lf llgmo + sups, g,

where B, and B, are balls in R? with 0 < rg, < land 2B, c B;.
We need the definition of Besov space. We define the dyadic
decomposition of the full space R? and recall the Littlewood-Paley
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operators, see for example [5]. There exist two nonnegative radial
functions y € D(R?) and ¢ € D(R?/{0}) such that :

X&)+ X090 (2798) =1, VEER?
> 0(2715) = 1,v¢ e R*/{0),

qEZ
lp —ql =2 = supp p(27P.) N upp ¢(27%.) = ¢,
q=1=suppxn upp p(27%) = ¢.
Let h=F"1¢ and h=F 'y , the frequency localization
operators A, and S, are defined by :
Aqf = @(279D)f, Sqf = x(2791D)f
A_if =Sof, Agf =0 forq<-2
The homogeneous operators are defined as follows
VqEZ A f =@(279D)f,
We recall now the definition of Besov spaces, see [3,5].
Definition 2.6 (Besov space)
Lets € Rand 1 < p < oo. The inhomogeneous Besov space B ,

defined by :
By ={f € S®?): lIfllg, < o},
where S is the Schwartz space and
I ls3, = (2%N180f ),
The homogeneous norm :
I llsg, = (2%[180f1,5) -

The following proposition was proved in [3].
Proposition 2.1 Let v be a smooth divergence-free vector field
and y its flow,
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{atlp(t; x) = v(t, P(L x))
Y(0,x) = x.

Then for every t > 0 we have :

t
(e, DIl < exp f o (@ll,, dr
0

The following lemma is needed in the proof of our main result see
[2] for a proof.

Lemma 2.1 (Gronwall’s lemma)

Let f is a nonnegative continuous function on [0,t], a is a real

number and let A be a continuous function on [0, t]. Suppose also that :
t

ft) <a+ fA(T)f(T)dT.

0
Then we have :

t
ft) <aexp jA(T)dT .
0
3. Some results on the LBM O space
We state some properties of the LBMO spaces. We introduce the
following proposition proved in [3].
Proposition 3.1 The following properties holds :
(1) The space LBMO is a Banach space included in BMO and
strictly containing L* (R?).
(2) Forevery g € C(R?*) and f € LBMO, we have :
Ng * fllLemo < gl llf1lLemo-
The following theorem is the main ingredient for proving Theorem
1.1, see [3].
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Theorem 3.2 There exists a universal constant C > 0 such that,

If o l/)”LBMOnLZ <C ”f”LBMOnLZln(l + [l¥ll.)
for any Lebesgue measure preserving homeomorphism .

4. Proof of main result
This section is devoted to the proof of Theorem 1.1 which can be
divided in three steps.
e First step : A priori estimates which are the main ingredients for the
proof of our main result.
e Second step : The existence of the solutions (v, ) of the system
(1.1).
e Third step : The uniqueness of the solutions (v,8) of the system
(1.1).
We only discuss the first step, that is, we only prove some a priori
estimates which are the main ingredients for the proof of our main result.
The second and the third are standard, see [2],[3],[6],[7],[11] and [12].

Proposition 4.1
Let (v, 8) be a smooth solution of the system (1.1) with vorticity
w. Assume that F € C*(R, R?) satisfying F(0) = 0 and let w, € L? and
0, € L? N L®. Then we have :
w(©)llzs < lwollz + 1601l 1200 + 10Dl zwo-
Proof. We use the following estimation for ||v(t)[|,; which proved
in[2],

vl < llo@ll2 + o]l
< llw@ll2 + ol zmo, (4.1
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where we have used in the last line the embedding BMO < Bé’o,oo. It
remains then to estimate ||w(t)||,z. For this, we use the first the equation
of w:
d0iw + v.Vw = 0,(F,(0)) — 0,(F,(8)), w(t=0)=w,
= F,(0)0,6 — F,(6)0,0
Taking the L? norm and applying Holder inequality, we get :

2
0@z < lwgllz + Y [ 1o 0@ V0@l zde 42

i=1 R2
Now, since :
1 0 0O 0 = supel O, )],
then using the embedding B2 ., © BSO,OO o L* and Theorem 1.2 ,
we get :
|£ 0 0|00 < sUPi<clolo0 [ ()]
< SUPxi<ioll,e0 [ GO -
As F € (1(R,R?), 8, € L?> n L and applying Theorem 1.2, yields:
[£ 2 8(0)]|,c0 < SUDi<pi6,1,00 ITFill L < C.
Then gives in (4.2), that :
lwo@®llz < llwollz + VOl 1,2 (4.3)
It remains then to estimate ||V9||L%L2. For this purpose, we take the
scalar product of the second equation of (1.1) with 8 in L?space. Then
the incompressibility condition div v = 0 leads to the following energy
estimate :
1d

S 1812 + 2116117 = 0.

Then :
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d 2 2
216Nz + 4ol = 0.
Integrating in time, we get :
10N 2, + 411961172 = 11601 2.
Therefore,
”VQHi%Lz < 116l iz-
This implies that :
V611,22 < 166l 12
This gives in (4.3) that :
lwo@llz < llwollyz + 1166l ;2.
Plugging in (4.1), we obtain :
lv(®llee < llwollz + 116l 12 + lw(®) | aro-
Using the first property of Proposition 3.1, yields :
lv®llL < llwollz + 1160ll 12,00 + [0 ()l LBMO-
Proposition 4.2

Under the same hypothesis of Proposition 4.1, if in addition
wo € LBMO N L2, then we have :

lw®ll amonz < Coe®t.
Proof. Assume that vy, is the flow associated to the velocity v.
Then we can write w as :

w(t,x) = (wg o Py 1)(x) = wo(‘l’t_l(x)) (4.4)

Since v is smooth then ¥ is Lipschitzian for every t > 0. Then
|||, is finite for every ¢ > 0. Applying Theorem 3.2 to the equation
(4.4), we get :

lw®lamonz < CllwollLamonzz In(1 + [l Hl).
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Using Proposition 2.1 to get :

t
lwo®llsmonz S llwollemonzIn(1 + eXP(J”V(T)”LLdT))
0

t
sc01+fw@mum (4.5)
0

Using Proposition 4.1, yields :

t
wamuscol+jwamu dr.
0

By Lemma 2.1 of Gronwall, we get :
vl < Coet.
Plugging in (4.5), we get :
lw(®lliemoniz < Coeo",
which is the desired result.
5. Conclusion :

We present the global weak solution for the Euler stratified system
in two dimensional space with a function F € C}(R,RR?), such that
F(0) =0 in the LBMO space. We used the concept of the flow
associated to the velocity and the L? estimate of the vorticity. Also, we
applied some harmonic analysis for the function F.
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