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1- Introduction
Let A denote the class of functions of the form:

s 4 Sk
fz)= X az", (1.1
k=2
which are analytic in the open unit disc U ={z U :|z|<Z}and are

normalized by the conditionsf (0)=f (0)-1=0. A function
f:f'(0)=0 , is said to be close-to-convex in u, if and only if,

® Journal of Faculties of Education ' 34 l The seventeenth issue of March 2020, the first part ®



@ The Effect of Concentration of Class Fibres on the Mechanical Properties of An Injection-Molded Nylon 6,6 (Zytel) Y

there is a starlike functionh (not necessarily normalized) such
that

zf '(z)
SR{W}>O, z €U.

For two function f (z) and g(z)given by

f (z)=iakz",g(z):ibkz",
k=2 k=2
(1.2)
Their Hadamard product is defined by

(F *9)2)=Yab:"

Let f and g be analytic in U . We say that f is subordinate to g
in U , written as

f(z)<g(z)IinU ,if g isunivalentin U , f (0)=g(0) and
fU)cgU).

And several functionsf,(z),f,(z),..f,(z)eA , by n—-th Hadamard
product is defined as follows

(Fxf, . xf )2) =D a,a, .a,z".
k=2

We recall here a general Hurwitz-Lerch Zeta function ¢(z,s,b)
defined by: (see, for example [cf., e.g.,[10]], [11] ).

0 Zk

Az sb)= 2 oy

(b €C \{Z,};s €C,when [z|<1,%R(s) >1when |z |=1)
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Where, as wusual, Z,=Z\{N}Z ={z1+2,. N ={1,2,..}. We
define by Hadamard product n —th order as follows:

w(z,8,,S,,..,S,,0,,0,,....,0,)=#(z ,5,,0,) *4(2 ,5,,D,) *..4(z ,5,.,D,).

n-times

Now we de ne the linear operator
1 (S,,S,,..,S,,0,0,,...,0)(f)(2): A" — A as follows:

1 (S,,S,,---,S,,0,,0,,...0,)(F )(z2)=3(z,s.,S,,....S,,,0,,0,,....0,) *f (z), z €U

where for convenience
J(2,5,,5,,-8,,0,0,,...,0,) = (L +b))...L+b, )" [w(z,5,,5,,-,S,,0,, 0,0, ) =D D
It is easy to observe we get

(51,8 1001S0 0,05, 0, )(F )(2) =2 +ZHG+Z J az*

(1.3)
where b,,b,,....b, eC \{Z,}:s,,5,,....s, €C and z eU.

Also we define the integral operator as follows:

~ z
J(2,5,,8,,....,8,,b,,0,,..,0 )*I P (z,s,,5,,...,8,,b,b,,...D,) :m,

we have

L,(s,,S,,..S,,b,,0,,..,0 )(F )(2) =3(z,s,,8,,....S,,0,,b,,...,b, ) *f (2)

~ 1+b, ' (24D, .
7 +Zn[k Iy j TET

(1.4)

where b,,b,,...b, eC\{Z }:s,,S,,....s, €C and 1 >-1.
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For 1(s,,0,..,0,b,,b,,....b. )(f )(z) were introduced by Srivastava
and Attiya [9] (see also Raducanu and Srivastava [7], Liu [2]
and Prajapat et.al.[6]). And for L,(s,,0,...,0,b,,b,,....b, )(f )(z) where
s;,AeN,=N u{0} were introduced by Al-Shagsi and M.Darus
[1], and for L,(0,0,...,0,b,,b,,....b. )(f )(z) is the differential operator
defined by Ruscheweyh[8].

For a function f (z) €A, we say that
f €eR(S,,S,,--,S,,0,,b,,...,b,,,8) if it satisfies

io 1(51,S5,.,8,,b,,0,,..., bn)(g)(z)|<5

|(1(51,5510025,0,,b,,...,0, )(F )(2)) —e .

for some real

a(-r<a<r),6>2(l-cosa),b,b,,...b, eC\{Z }:s,,5,,...S, €C,and
for some g €A. Furthermore, a function f (z) e Ais said to be in
the class f eR %(0,0,...0,b,,b,,....b. , 4, ,6) if it satisfies

L.(5,,S,,..,S,,b,,b,,...b ) )(2)) —e'” Lﬂ(sl’sz""’sn’bl’bz"“’bn)(g)(z)|<5
|( /1(12 n1~1re2 n)()()) 7

for some real
a(-r<a<r),d>2(l-cosa),b,b,,...b, eC\{Z };s,,5,,..,S, €C, A >-1.

For f €R(0,0,..0,b,,b,,....b ,a,8) were introduced by S.Owa,Y.
Polatoglu at.al.[4].

In the present study, we apply a method based on the
differential subordination

to obtain sufficient conditions for certain subclasses of analytic
function by involvingn —th Hadamard product.

(15280 0Dz 0, ) Yo )y e ErSorstoduDere B NONE) e
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and

(L 6uS5y ugy ) J) —eie Eru S BP0y

2- Preliminaries
We shall need following definition and lemmas to prove
our results.

Definition 2.1
A function L(z,¢t);zeUuand t>0 is said to be a

subordination chain if L(;,t) is analytic and univalent in U for all
t >0,L(z,:) s continuously differentiable on[o0,1) for all z €U and
L(z,t,)<L(z,z,)forallo<t, <t,.

Lemma 2.2 [5]
The function L(z,t):U x[0,1) >C (C is the set of complex
numbers), of the

form L(z,t)=a(t)z +..with a,(t)=0forall t >0, and tlirpo|a1(t)|:oo

, Is said to be a subordination chain if and only if m{zg‘i"//iz 1>0,
forall z eu
and t >0.

Lemma 2.3 [3]
Let p(z) be analytic inU and let g be analytic and univalent

in U except for points ¢, such that glim p(z)=o,p(z)=1 with

p(0)=q(0). If p«q in U, then there is a point z,eU and
¢, €0U, (boundary of U ) such that p(z|<|z,|) =a(E), p(z,) =a(<,)
and z,p'(z,)=m¢q'(z,) for some m >1.
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3- Main Result
Theorem 3.1
Let ®B>0be a complex number and a(OSasg). Let qbe

univalent function

such that either% isconvex inU. If

analytic, satisfies the differential subordination

| a

e wae) _e" 9'@) 3.1)
p(z) p(Z) q@z) a*@)

then

B~

.(;(I(sl,s2 ..... Sp,Dy. by, bR )(9)(2)
4

(181,82, ++:Sn by, by, )(F )(2))' = <y(z)
and q(z) is the best dominant.

Proof:
Let ha function define

e @) >
O AN (3:2)

Differentiating (3.2) and simplifying a little, we have

th'@) _ o, 2F'@)
Fiz) F(z)

(3.3)

where F(z)= 2q'(2) , then we obtain m{m}zo,z eU.
q°@z)’ F(z)
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Thus h(z)is close-to-convex and hence univalent in U.We need
to show that

(1 (51,515 by.by bn)(f)(z))'—eio‘I(Sl’82 """ n:0p.Dp:-- bn)(g)(Z)-<q(z).

y(z).

z

Then by Lemma 2.2, there exist points z, U and ¢, €U such
that p(z,) =a(g,)andz,p'(z,) =m¢Q'(z,);m >1. Than

5o e'” +zp2'(zo): e +zm§q’(zo). (3.4)
P(z,) P°(z,) a(z,)  9°(z,)

Consider a functionL(z,t)is analytic in U for all t>0 and is
continuously differentiable on [0,1) for all z eU, as follows:

Lz, t)=8-

e’ +(1+t)z§2q(’z(§)’ (3.5)

q(z)
we have ai(t)z(%)m=q’(0)(e‘“+1+t). In view of the

condition0<cosa<1 and t>0. Also, as qis univalent in U,so,
q'(0)=0. Therefore, it follows that a(0)=#0and limfa,t)[==. A

. . . oL/oz i zF'(z)
simple calculation yields { = 1+t)——~. Then we
p y {aL/at}e +(+)F(Z)
zoL/oz o : . :
get R{ }>0 in view of given conditions. Hence, L(z,t) isa

oL /ot
subordination chain. Therefore, L(z,t)<L(z,r,)for 0<t, <t,.
From (3.5), we have L(¢t)=h(z), thus we deduce that
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L&, t)ehU)for |,|=1 and t >0. In view of (3.4) and (3.5), we

can write

_ e @) ) (o m-1ehu) Where z,€U |g[=1 and m >1
P(zo) p(z0)

which is contradiction to (3.1). Hence

B

i 1(s4,8
(153830050 By by b ) -6 12 ; 4().

Using a similar method, we can prove the following theorem.

Theorem 3.2

Let a(0<a sg). Let g be univalent function such that either

L isconvex inU. If
q(z)

D@) = (L, (5053105, by by ) )(2)) —ei 2GS0 O

analytic, satisfies the differential subordination

€ +zp(z){1 € +Zq(z),then

p@) pX)  4@) 9@)

and q(z) is the best dominant.

1+ Az
1+ Bz

By taking q(z)= ,—1<B <A <1 in Theorem 3.1, we have

the following
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Corollary 3.3
Let R4 >0be a complex numberand Aand B -1<B <A <1

anda(0<a< z). Let g be univalent function such that eitheri
2 q

(@)

iIsconvex inu. If
gic 1 (S;,S,5-45,,0,,0,,..,0,)(9)(2)

P(2) = (151855803050, )(F )(2)) -

analytic, satisfies the differential subordination

e'” L) _a1+Bz (A-B)z
(z) (z) 1+Az  (1+Az)?’

S— then

i 1(51:89,-480,:01,05,..,00)(9)(2) Az
7 4Bz °

(1(5,851-Sn byby, b )(F )(2)) €

By taking p=0B=-1A=1in Theorem 3.1, we have the
following:
Corollary 3.4

Let (0 < a < m/2)Let gbe univalent function such that
either

1 . ;
——|sconvex in u.
q(z)

0(2)= (1 (50,5,115, oy,b )(F )(2)) —e ' HSurS2rr80,01,05040, )(@)(2)

Z

analytic, satisfies the differential subordination

e’ zp'(z) 2 1-1 2z
- p(z)+p(z)_<ﬁ ¢ 1+z+(1+z)2’

then
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i 1(51,520045n 1b1,D b )(@)(2) _ 142

(1 (51,5125 ,0y,05,.b )(F )(2)) —€ g <

Taking @ = /2 in Theorem 3.1, we have

Corollary 3.5
Let ®F>0be a complex number. Let gbe univalent function
such that either

1 isconvexinu. If
q(z)

I(ss ..... s,.b,,b,,...b,)(9)(2)
z

P(@)=(1(51,85,0:84,D1,05,,0, )(F )(2 ) —

analytic, satisfies the differential subordination

ﬂ—i—+2p2’(z)-< i— ) @) then
p(z) pi(@) qz) a*@)’

I(sl,sz,...,sn,bl,b2 ..... bn)(9)(2)
z

( (sl,sz,...,sn,bl,b2 ..... bn)(f )(z)) i
1+Az

<y(z).

By taking q(z)_ ,—1<B <A <1and 1(0,0,...,0,b;,b,,...bn )(f )(z)

in Theorem 3.1, we have the following:
Corollary 3.6

Let RF>0be a complex number and a(OSaS%). Let qbe

univalent function

such that eitherflz) IS convex in U.
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If p@)=f'@)-e9) analytic, satisfies the differential
subordination

e'” zp(z) .. 1+Bz (A B)z

- 0@ p’(2) Ry Az )2’then
fv(z)_e|a g(Z)_<1+AZ
z 1+Bz

1+Az

By taking q(z)— ,—1<B <A <1 and a=0 in Theorem 3.2,

we have the foIIowmg

Corollary 3.7
Let q be univalent function such that either

1 isconvex inU. If
q(z)

ia L (81,85,48,,01,05,..,.0,)(9)(2)
z

P(2)= (L, (81850801050, )(F )(2)) e

analytic, satisfies the differential subordination

1 +zp (z)_<1_1+Bz +(A—B)z

- > : —, then
p(z) p-(z) 1+Az  (1+Az)

ﬂ( 1132 ----- snlbllbz 11111 bn)(g)(z)_<1+AZ
z 1+Bz

(L (51,82,8n,by,by, 0 )(F)(2))
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